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PREFACE 

c*- 

The o b j e c t  of t h i s  d i s s e r t a t i o n  is t o  in t roduce  t h e  methods of 

canon ica l  t r ans fo rma t ion  theo ry  i n t o  t h e  a n a l y s i s  of op t imai  t r a j e c t o r y  

problems. S ince  most op t imal  t r a j e c t o r y  problems can be t ransformed i n t o  

Hamiltonian systems which a r e  isomorphic t o  t h e  Hamiltonian systems of 

classical mechanics, t h e  theo ry  of canon ica l  t r ans fo rma t ions  is a p p l i c a b l e  

immediately. 

theory  and t h e  a s s o c i a t e d  p e r t u r b a t i o n  theory .  

This  s tudy  demonstrates  app . l ica t ions  of both t h e  g e n e r a l  

The Hamilton-Jacob; t h e o r y ,  which is  concerned wi th  a p a r t i c u l a r  

canon ica l  t r ans fo rma t ion ,  is a p p l i e d  t o  a number of op t imal  t r a j e c t o r y  

problems, also. Various techniques  for s o l v i n g  t h e  Hamilton-Jacobi equa- 
c 

Tions a s s o c i a r e a  wixn  xnese prouiems drt! p r ~ s e i i  L ~ U .  I w v  L ’ C ~ L Y Z ~ C U L ~  LIVC 

opt imai  low-thrust  miss ions  were used t o  demonstrate t h e  theo ry .  

many of t h e  r e s u l t s  are a p p l i c a b l e  t o  h igh - th rus t  ana lyses  as we l l .  

However, 

In  t h i s  d i s s e r t a t i o n ,  canon ica l  t r ans fo rma t ions  and t h e  Hamilton- 

J acob i  t heo ry  a r e  viewed as s o l u t i o n  techniques .  Hopeful ly ,  f u t u r e  ex ten-  

s i o n s  of t h e  methods presented  h e r e i n  w i l l  g ive  good, approximate feedback 

guidance func t ions  for  opt imal  t r a j e c t o r y  problems. Such ex tens ions  would 

g ive  a g r e a t  impetus t o  t h e  s tudy  of t h e  Caratheodory-Hamilton-Jacob: view- 

p o i n t  of t h e  c a l c u l u s  of v a r i a t i o n s ,  which ( i n  t h e  a u t h o r ‘ s  op in ion )  is t h e  

most n a t u r a l  formula t ion  of v a r i a t i o n a l  c a l c u l u s  problems. 

W. F. P. 

January ,  196 8 
Austin,Texas 
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CHAPTER 1 

INTRODUCTION 

.*. cp 

Many of t h e  major problems i n  modern c o n t r o l  t heo ry34”  and a n a l y t i c a l  

mechanics 

t i o n s .  

such t h a t  

can be  r ep resen ted  by a Hamiltonian system of d i f f e r e n t i a l  equa- 

That  i s ,  t h e r e  exis ts  a scalar d i f f e r e n t i a b l e ’ f u n c t i o n  H(q, p ,  t) 

( i  = I, ... ¶n)  (1 .1)  

are t h e  o r d i n a r y  d i f f e r e n t i a l  equa t ions  which d e s c r i b e  t h e  g iven  problem. 

The f u n c t i o n  H i s  c a l l e d  a Hamil tonian and t h e  2n v a r i a b l e s  ql”  . 
p, , . . . ,p, 

f e r r e d  t o  as Hamilton’s equa t ions  or t h e  canon ica l  equa t ions .  

are c a l l e d  canonic  v a r i a b l e s .  Equat ions  (1 .1 )  a r e  u s u a l l y  re- 

The t h e o r y  
. 

concerned wi th  t r ans fo rma t ions  between v a r i o u s  Hamiltonian r e p r e s e n t a t i o n s  

of t h e  same problem is e n t i t l e d  canon ica l  t r ans fo rma t ion  theo ry .  

Although Lagrange2 in t roduced  t h e  c a n o n i c a l  equa t ions  i n  h i s  t heo ry  

of p e r t u r b a t i o n s ,  Hamilton12 d i scove red  t h e  analogy between Equat ions (1 .1)  

and c e r t a i n  necessary  c o n d i t i o n s  of t h e  c a l c u l u s  of v a r i a t i o n s .  Since. t h a t  

time, a close a s s o c i a t i o n  has  e x i s t e d  between t h e  calculus of v a r i a t i o n s  

and a n a l y t i c a l  mechanics. 

Another of Hamil ton’s  d i s c o v e r i e s  was t h e  a p p l i c a t i o n  of a f i r s t - o r d e r  

p a r t i a l  d i f f e r e n t i a l  equat ion  t o  problems i n  o p t i c s  and mechanics. Later, 

Jacobi17  extended Hamil ton’s  d i scove ry  and showed t h a t  under  s u i t a b l e  condi- 

t i o n s ,  a complete s o l u t i o n  of  t h e  f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  equat ion  

2. 
I. 

Numbers i n d i c a t e  r e f c r m c e s  as l i s t e d  i n  t h e  Bib l iography.  

1 



- as - -  - , is equ iva len t  t o  a g e n e r a l  s o l u t i o n  of Equat ions (1.1). P i  aqi 4 

where 

Equation ( 1 . 2 )  i s  c a l l e d  t h e  Hamilton-Jacobi equa t ion ,  and t h e  equiva lence  

of t h e  s o l u t i o n s  of Equat ions (1 .1)  and Equation (1 .2 )  is a consequence of 

J a c o b i ' s  Theorem. 

Later i n  t h e  Nineteenth Century,  t h e  theo ry  was f u r t h e r  advanced by 

t h e  r e sea rch  of L i e 2 3  i n  t h e  t r ans fo rma t ion  theo ry  of d i f f e r e n t i a l  equat ions .  

I n  p a r t i c u l a r ,  he s t u d i e d  t h e  group of c o n t a c t  t r ans fo rma t ions  (which form 

a subgroup of t h e  group of canon ica l  t r a n s f o r m a t i o n s ) .  

e t h  Century,  Caratheodory6 un i t ed  t h e  i d e a s  of Cauchy and P f a f f  ( i n  p a r t i a l  

d i f f e r e n t i a l  equa t ion  t h e o r y ) ,  Hamilton and J a c o b i  ( i n  t h e  c a l c u l u s  of v a r i a -  

I n  t h e  e a r l y  Twenti- 

t i o n s  and p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ) ,  and Lie ( i n  t r ans fo rma t ion  theo ry ) .  

u 
Hamilton-Jacobi approach t o  t h e  c a l c u l u s  of v a r i a t i o n s .  

S ince  World War 11, automation,  c o n t r o l ,  and op t imiza t ion  problems 

have become i n c r e a s i n g l y  impor tan t .  Many of t h e s e  problems r e q u i r e  t h e  

minimizat ion o r  maximization of  c e r t a i n  v a r i a b l e s  involved i n  t h e  p h y s i c a l  

problem. The classical method f o r  t r e a t i n g  such problems is t h e  c a l c u l u s  

of v a r i a t i o n s .  However, a s t r a i g h t f o r w a r d  a p p l i c a t i o n  of t h e  classical  

c a l c u l u s  of v a r i a t i o n s  r e q u i r e s  t h e  admiss ib l e  c o n t r o l  v a r i a b l e s  t o  be e l e -  

ments of an open s e t ,  S ince  a l i n e a r  c o n t r o l  problem i n  which t h e  magni- 

t ude  o f  t h e  admiss ib l e  c o n t r o l s  must be  l e s s  than  a s p e c i f i e d  va lue  r e q u i r e s  

t h e  c o n t r o l  t o  l i e . o n  t h e  boundary of a c losed  s e t ,  mod i f i ca t ions  and exten- 

sions of the c l a s s i c a l  c a l c u l u s  of variations became necessary .  

o f  t h e  c l a s s i c a l  t heo ry  which is  a p p l i c a b l e  t o  c losed  c o n t r o l  s e t s  was 

developed by Valent ine45 .  

An extens ion  



3 

I n s t e a d  of ex tending  t h e  c l a s s i c a l  t heo ry ,  some i n v e s t i g a t o r s  

e s s e n t i a l l y  re formula ted  t h e  v a r i a t i o n a l  c a l c u l u s  t o  meet t h e  requirements  

of modern c o n t r o l  problems. 

p r i n c i p l e  developed by Pontryagin and h i s  a s s o c i a t e s  34. 

T h e  most no tab le  and r igo rous  is t h e  maximum 
* 

The methods of 

Pon-tryagin a r e  s i m i l a r  t o  t h e  classical  c a l c u l u s  of  v a r i a t i o n s ,  bu t  a r e  more 

g e n e r a l  i n  t h a t  t h e  admiss ib l e  c o n t r o l  r eg ion  can be a c losed  s e t .  

t h i s  method is  developed from a Hamiltonian v iewpoin t ,  b u t  only Hamilton’s 

equat ions  a r e  involved i n  t h e  formula t ion  and n o t  t h e  Hamilton-Jacobi 

equat ion .  

Also, 

Based on t h e  i d e a s  of Caratheodory,  Bellman2 , i n  1956 , developed an 

approach (Dynamic Programming) t o  opt imal  c o n t r o l  problems which involves  

t h e  Hamilton-Jacobi equat ion .  S ince  then Kalman19 y 2 0  has renewed f u r t h e r  

i n t e r e s t  i n  t h e  Caratheodory viewpoint of t h e  c a l c u l u s  of v a r i a t i o n s ,  and 

- .. .. , r 
K e i e I ’ e l l G e  L U  ~ L ’ ~ ” c I ~ L ”  a UISI-U~~IUII VI C I I C  a u v a b l L u G L a  uIlu uIuuu~u.. tu,,, -- 
t h i s  formula t ion .  Other  r e s e a r c h  concerned with t h e  Caratheodory-Hamilton- 

J acob i  approach has  been r e p o r t e d  by H e r m e s 1 4 ,  D e  Zur and Haynes8, and 

Snow42. 

a complete t r a n s l a t i o n 7  of Caratheodory’s  major work6 have been r e c e n t l y  

publ i shed .  

- 

Also, a t e x t  r e i t e r a t i n g  some of  t h e  r e s u l t s  of C a r a t h e ~ d o r y ~ ~ ,  and 

The  r e s e a r c h  of References 8 ,  1 4 ,  1 9 ,  20, and 42 is  mainly concerned 

with ex tending  t h e  theo ry  of  t h e  Caratheodory-Hamilton-Jacobi viewpoint of 

t h e  c a l c u l u s  of v a r i a t i o n s  t o  p r e s e n t  day problems and d i s c u s s i n g  t h e  pros  

and cons of t h e  philosophy of such an approach. This  t h e s i s  is concerned 

wi th  t h e  a p p l i c a t i o n  of g e n e r a l  canon ica l  t r ans fo rma t ion  t h e o r y ,  which i n -  

clude::  L l i c  Jl;lmil.ton-J5;lcoLi for~fiuI .~~t i .on t o  s s p c c i a l  opLirncil c o n t r o l  pro1)l.cri~: 

t h e  optimal r m j e c t o r y  problem. S ince  there exists a Hamiltonian func t ion  
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for t h i s  problem, it is  only n a t u r a l  t o  expect  c e r t a i n  a s p e c t s  of classical 

canonica l  t r ans fo rma t ion  theory  t o  be u s e f u l .  

I n  Chapter  2 ,  a c o n s i s t e n t  o u t l i n e  of c a n o d c a l  t r ans fo rma t ion  theory  

is  p resen ted ,  and an important  necessary  and s u f f i c i e n t  cond i t ion  f o r  a 

canonica l  t r ans fo rma t ion  is  s t a t e d  and d iscussed .  (The  proof of t h i s  lengthy  

theorem i sg iven  i n  Appendix A . )  

t i o n s  and Hamilton-Jacobi t heo ry  are a l s o  p re sen ted .  The r e s u l t s  of a s tudy  

of t h e  group of  homogeneous canon ica l  t r ans fo rma t ions  a r e  given and t h e s e  

i n d i c a t e  important  new a p p l i c a t i o n s  i n  opti’mal t r a j e c t o r y  a n a l y s i s .  All of 

t h e  r e s u l t s  i n  t h i s  chap te r  a r e  a p p l i c a b l e  t o  h igh - th rus t  as w e l l  as l o w -  

t h r u s t  t r a j e c t o r y  a n a l y s i s .  

C l a s s i c a l  d i scuss ions  of gene ra t ing  func- 

A number of important  r e su l t s  a r e  conta ined  i n  Chapter 3 .  F i r s t  a 

p l a n a r  op t imal  t ra jectoi .y  problem is formulated i n  p o l a r  coord ina te s ,  and 

o p t i m a l i t y  c r i te r ia  are used t o  d e f i n e  a new Hamiltonian system which is 

isomorphic t o  c l a s s i c a l  Hamiltonian systems.  

l y  convenient  for a n a l y t i c  ana lyses  and i n  t h e  developement of new coord i -  

n a t e  systems for numerical  i n t e g r a t i o n  procedures .  

both Chapters  3 and 4 ,  t h e  ze ro - th rus t  and c i r c u m f e r e n t i a l  t h r u s t  ca ses  can 

be de f ined  by sub-Hamiltonians of t h e  t o t a l  gene ra l i zed  Hamiltonian. 

Since some information about t h e  s o l u t i o n s  of t h e  s t a t e  v a r i a b l e  d i f f e r e n -  

t i a l  equat ions  f o r  t h e s e  two cases i s  w e l l  Icnown, corresponding knowledge 

of t h e  a s s o c i a t e d  Lagrange m u l t i p l i e r s  can be obta ined  i f  a c e r t a i n  P f a f f  

d i f f e r e n t i a l  equa t ion ,  def ined  by t h e  Hamilton-Jacob: equa t ion ,  can be  i n -  

t e g r a t e d .  

and 4,  

Th i s  formulat ion i s  e s p e c i a l -  
1 

A s  w i l l  be shown i n  

The importance of t h i s  f a c t  i s  demonstrated i n  both Chapters  3 



The remaining r e s u l t s  of Chapter 3 a r e  concerned wi th  t h e  coas t - a rc  

problem. 

t h e  e l l i p t i c a l  case  i n  Sec t ions  ( 3 . 2 )  and ( 3 , 3 ) .  

t h e  hype rbo l i c  and p a r a b o l i c  coas t - a rc  s o l u t i o n s .  

f e a s i b i l i t y  of ob ta in ing  approximate feedback guidance func t ions  by a 

canon ica l  p e r t u r b a t i o n  a n a l y s i s  of t h e  coas t - a rc  s o l u t i o n  i s  d iscussed .  

Two Hamilton-Jacobi s o l u t i o n s  of t h i s  problem are presented  f o r  

Sec t ion  (3 .4)  con ta ins  
“I 

I n  Sec t ion  (3.51,  t h e  , 

I n  Chapter 4 ,  approximate Hamilton-Jacobi s o l u t i o n s  are formed f o r  

t h e  gene ra l i zed  Hamiltonian def ined  by t h e  c i r c u m f e r e n t i a l  t h r u s t  s ta te  

v a r i a b l e s .  The s o l u t i o n  of Sec t ion  (4 .1)  is a Hamiitonian formula t ion  of 

classical r e s u l t s ,  and t h e  s t a t e  s o l u t i o n  can be  reduced t o  t h e  w e l l  known 

T s i e r ~ ~ ~  c i r c u m f e r e n t i a l  t h r u s t  s o l u t i o n .  I n  Sec t ion  (4.2),  t h e  coas t - a rc  

s o l u t i o n  of Sec t ion  ( 3 . 3 )  i s  pe r tu rbed  i n t o  an approximate c i r c u m f e r e n t i a l  

t h r u s t  solutj .on which 2s more g e n e r a l  than  t h e  s o l u t i o n  of Sec t ion  (4 .1 ) .  

All of t h e  r e s u l t s  of t h i s  chap te r  a r e  r e s t r i c t e c i  t o  T r a j e c t o r i e s  w i m  sma i i  

ins tan taneous  e c c e n t r i c i t i e s ,  b u t  t h i s  assumption is  s a t i s f i e d  on many 

i n t e r e s t i n g  miss ions  ( e . g . ,  c i r c u l a r  o r b i t  t r a n s f e r s  and t h e  major po r t ion  

. 

of escape t r a j e c t o r i e s ) .  

A non-Hamiltonian a n a l y s i s  of t h e  c i r c u m f e r e n t i a l  t h r u s t  problem is  

presented  i n  Chapter 5. This  s o l u t i o n  i s  u s e f u l  for i n i t i a l  e s t i m a t e s  i n  

t h e  process  of i t e r a t i n g  opt imal  t r a j e c t o r i e s ,  and may also s e r v e  as a guide 

i n  f u t u r e  Hamiltonian ana lyses  of t h e  C i rcumfe ren t i a l  t h r u s t  problem. 

I n  Chapter 6 ,  important  t r e n d s  which became apparent  i n  t h e  process  

of numerical1.y converging t h e  opt imal  t r a j e c t o r i e s  a r e  d iscussed .  The 

i n i t i a l  Lagrange m u l t i p l i e r s  and t r a v e l  t imes  of t h e  converged opt imal  

t r a j e c t o r i e s  a r c  a l s o  presented .  

The canonic  cons t an t  r e l a t i o n s h i p s  developed i n  Chapters 3 and 4 

were eva lua ted  a long  r e p r e s e n t a t i v e  opt imal  t r a j e c t o r i e s .  The r e s u l t s  of 
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t h i s  a n a l y s i s ,  a long  wi th  t h e  r e s u l t s  of a s imilar  s tudy  of t h e  non-Hamll- 

t on ian  s o l u t i o n  developed i n  Chapter 5 ,  are p resen ted  i n  Chapter 7. The 

g r a p h i c a l  r e s u l t s  of t h e s e  ana lyses  i n d i c a t e  qualit-ative c h a r a c t e r i s t i c s  

of t h e  op t ima l  t r a j e c t o r i e s .  They may also be of use i n  forming s impl i -  

f y i n g  assumptions i n  f u t u r e  a n a l y t i c  i n v e s t i g a t i o n s  of t h e  opt imal  tra- 

j e c t o r y  problem. 

F i n a l l y ,  Chapter 8 summarizes t h e  main r e s u l t s  of t h i s  t h e s i s ,  and 

sugges t ions  f o r  f u t u r e  s t u d i e s  a r e  presented .  



CHAPTER 2 

CAY OH1 CAL TRANS FORMAT IONS 
.*p 

Most opt imal  t r a j e c t o r y  problems a r e  no t  i n t e g r a b l e  i n  closed-form, 

s o  t h e  system of d i f f e r e n t i a l  equa t ions  which d e f i n e  t h e  problem is u s u a l l y  

i n t e g r a t e d  numerical ly  t o  g ive  t h e  s o l u t i o n .  While t h e  numerical  s o l u t l o n s  

a r e  va luab le ,  approximate a n a l y t i c  s o i u t i o n s  a r e  needed f o r  a complete under- 

s t and ing  o f  t h e  problem. Since a l a r g e  class of op t imal  t r a j e c t o r y  problems 

can be r ep resen ted  by a Hamiltonian system of d i f f e r e n t i a l  equa t ions ,  a 

canonica l  t r ans fo rma t ion  attack on t h e  a n a l y t i c  problem i s  sugges ted .  An 

e s s e n t i a l  f e a t u r e  of t h i s  method i s  t h a t  many times 

t h e  i n t e g r a l s  of t h e  system l e a d s  t o  f u l l  knowledge 

- .  
a i i v  L U L . L . I I C L  I I I L G ~ ~ L ' C L L L U A I .  

knowledge o f  h a l f  of 

of t h e  problem without  

I t  has  only  been i n  t h e  l a s t  t h r e e  y e a r s  t h a t  i n v e s t i g a t o r s  have pub- 

l i s h e d  r e p o r t s  on t h e  use of  canon ica l  t r ans fo rma t ions  i n  opt imal  t r a j e c t o r y  

a n a l y s i s .  

op t imal  t r a j e c t o r y  a n a l y s i s  i s  d i scussed  and a p p l i e d  t o  s imple problems. 

I n  Reference 36, t h e  use  of Hamiltonian p e r t u r b a t i o n  theory  i n  

The 

l i t e r a t u r e  on p e r t u r b a t i o n  theory  is  surveyed also i n  Reference 36. Since 

t h e n ,  Mi tche l l26  has  a p p l i e d  Hamilton-Jacobi p e r t u r b a t i o n  theo ry  t o  t h e  high- 

t h r u s t  problem, i n  much t h e  same way as Nafoosi  and Passmore28. 

F r a e i j s  de VeubekelO 

Also, 

d i s c u s s e s  t h e  a p p l i c a t i o n  of canonical.  t r ans fo rma t ion  

theory  t o  t h e  t h r u s t - c o a s t - t h r u s t  problem. 

2 . 1  1iii~i.c T r a n s  Formation Theory 

Since t h e r e  e x i s t  s e v e r a l  fo rmula t ions  of canonica l  t r ans fo rma t ion  

theo ry ,  a c o n s i s t e n t  o u t l i n e  of  t h e  theory  will be p resen ted  i n  t h i s  section. 
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Proof's o f  t h e  va r ious  p r o p e r t i e s  can be found i n  Reference 37;  however, two 

of t h e  more important  p r o p e r t i e s  are proved i n  Appendix A .  

was g r e a t l y  in f luenced  by Wintrier's thorough t r ea tmen t  of t h e  s u b j e c t  i n  

Reference 47. 

Th i s  development 

I n  t h i s  t h e s i s ,  canon ica l  t ransformat ion  theo ry  w i l l  be developed 

from t h e  symplec t i c  ma t r ix  viewpoint .  

p l a y s  an impor tan t  r o l e  i n  t h e  symplec t i c  formula t ion .  

The canon ica l  ma t r ix ,  de f ined  below, 

D e f i n i t i o n  2 .1 :  L e t  I z n x n i d e n t i t y  ma t r ix  and 0 E n x n zero 

mat r ix .  Then, t h e  2n x 2n ma t r ix  

n n 

is c a l l e d  t h e  canon ica l  mat r ix .  

P r o p e r t i e s  ( o f  t h e  canon ica l  m a t r i x ) :  

(C.1) J2 = -I, where I I , 

( c . 2 )  J is nons ingu la r ,  i.e., I J I  # o . 
2n 

((2.3) J-I = -J . 

The fo l lowing  d e f i n i t i o n  of  a symplec t i c  m a t r i x  was used i n  t h e  

i n v e s t i g a t i o n  p resen ted  he re .  

D e f i n i t i o n  2 .2 :  Let M be a 2n x 2n mat r ix .  The ma t r ix  M is  s a i d  t o  

be symplec t i c  i f  
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where 

s iege140 

is a nonzero s c a l a r  cons t an t .  

nd most o t h e r  t e x t s  do no t  i n c l u d  t h e  

-vt 

ons t  t 1.1 i n  t h e  d f i  - 

n i t i o n  of a symplec t ic  ma t r ix .  However, as Example ( 2 . 2 )  w i l l  show, p 

is not  always e q u a l  t o  

t h i s  t h e s i s .  

t o  be necessary  and s u f f i c i e n t  f o r  a canon ica l  t r ans fo rma t ion )  was termed 

tl i n  a canon ica l  t ransformat . ion,  as def ined  i n  

Thus, t h e  c o n d i t i o n  of D e f i n i t i o n  ( 2 . 2 )  (which w i l l  be shown 

symplec t ic  i n  analogy wi th  t h e  c l a s s i c  d e f i n i t i o n .  

P r o p e r t i e s  (of symplec t ic  m a t r i c e s ) :  

1 T  
P 

(S.1) If M is  symplec t i c ,  t hen  M i s  nons ingular  and M-l = - - J M  J . 
(5.2) L e t  S be t h e  class of symplec t ic  matrices of o r d e r  2n x 2n . Then, 

S is  a group w i t h  r e s p e c t  t o  ma t r ix  mul t ipLica t ion .  

A s  prev ious ly  noted ,  t h e  main reason  for s tudy ing  canon ica l  t r a n s f o r -  

mations is because t h e  opt imal  t r a j e c t o r y  problems under cons ide ra t ion  can be 

r ep resen ted  as Hamiltonian systems.  

d e f i n i t i o n  w i l l  be used f o r  a Hamiltonian system. 

Throughout t h i s  t h e s i s  t h e  fo l lowing  

D e f i n i t i o n  2.3:  L e t  x and X be n-vec tors  and t be a scalar parameter.  

The x w i l l  be  c a l l e d  coord ina te s  ( g e n e r a l i z e d  c o o r d i n a t e s ,  s t a t e s )  and i 

t h e  X i  w i l l  be c a l l e d  --- momenta (gene ra l i zed  momenta, Lagrange m u l t i p l i e r s ) .  

If t h e r e  e x i s t s  a scalar d i f f e r e n t i a b l e  f u n c t i o n  H(x, X ,  t )  such t h a t  

C i  = 1, ..., n )  
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are t h e  d i f f e r e n t i a l  equa t ions  which desc r ibe  a given dynamical p r o c e s s ,  

then  t h e  s e t  {K, x, A )  i s  c a l l e d  a Hamiltonian system. 

Notat ionwise,  u n l e s s  s t a t e d  o the rwise ,  t h e  v a r i a b 2 s  {x, q ,  Q ,  B ,  b ,  B} 

w i l l  r e p r e s e n t  coord ina te s ,  { A ,  p ,  P ,  a, a ,  A )  w i l l  r e p r e s e n t  momenta, 

and (H, K) w i l l  r e p r e s e n t  Hamiltonian f u n c t i o n s .  

D e f i n i t i o n  2 . 4 :  L e t  { x ( q ,  p ,  t ) ,  A(q, p,  t ) )  E C2 be a t r ans fo rma t ion  

which satisfies t h e  cond i t ions  of  t h e  i m p l i c i t  func t ion  theorem7 a t  each 

p o i n t  i n  t h e  domain of i n t e r e s t .  If for  every Hamiltonian H(x, A ,  t )  , 

t h e r e  e x i s t s  a scalar f u n c t i o n  K(q, p ,  t )  such t h a t  

then  t h e  t r ans fo rma t ion  i s  s a i d  t o  be  canonica l .  

Note t h a t  t h e  word "every" i s  emphasized i n  t h e  above d e f i n i t i o n .  

The d e f i n i t i o n  does n o t  s ay  t h a t  each t r ans fo rma t ion  which p rese rves  

Hamiltonian form is canon ica l ,  b u t  on ly  t h o s e  which preserve  Hamiitonian 

form - and are independent o f  t h e  Hamiltonian func t ion .  Later ,  Exairiple (2.1) 

w i l l  demonstrate  t h i s  fact  more c l e a r l y .  

D e f i n i t i o n  ( 2 . 4 )  is n o t  a good working d e f i n i t i o n  s i n c e  one cannot 

check "every" Hamiltonian f u n c t i o n ,  However, it l e a d s  t o  t h e  fo l lowing  nec- 

e s s a r y  and s u f f i c i e n t  cond i t ion  which i s  e a s i l y  implemented. 

p~oof of t h i s  theorem is  no t  widely a v a i l a b l e  t o  t h e  eng inee r ,  It is give;] 

i n  Appendix A. 

S ince  t n e  
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Theorem 2 . 1  (Necessary and S u f f i c i e n t  Condition f o r  a Canonical Transformation):  

L e t  { x ( q ,  p 5  t ) ,  X(q, p ,  t ) )  E C2 be a transformaTion which s a t i s f i e s  t h e  

cond i t ions  of t h e  i m p l i c i t  func t ion  theorem, and l e t  M be  t h e  Jacobian 

ma t r ix  of t h e  t r ans fo rma t ion .  Then, {x (q ,  p ,  t ) ,  X(q, p ,  t ) )  is  a canoni- 

cal t r ans fo rma t ion  if and only i f  M i s  a symplec t ic  matr ix .  

A p rope r ty  of symplec t ic  matrices which is of  u se  i n  determining 

whether a t r ans fo rma t ion  i s  canonica l  i s  t h e  fo l lowing:  

A B  Proper ty  2 . 1 :  Le t  M f [ be a 2n x 2n m a t r i x ,  w R e r e  A , B , C 
and D are n x n submatr ices .  Then, M i s  a symplec t ic  ma t r ix  i f  and 

only i f  A C and B D are symmetric and D A - B C = 1.11 . T T T T 

This  r e s u l t  is  proved i n  Appendix A .  

‘ T o  emphasize t h e  importance of t h e  word every i n  Def in i t i on  (2.41, 

t h e  fo l lowing  example was cons t ruc ted .  

Example 2 . 1 :  Cpnsider t h e  t r ans fo rma t ion  from {x ,  X.1 t o  {q ,  p} def ined  

bY 

x = P2 1 

x 2 = PI 

Theorem ( 2 . 1 )  g ives  an equ iva len t  cond i t ion  f o r  D e f i n i t i o n  ( 2 . 4 ) .  

\Jdcobi;iri of t h e  transformation i.s nor symplec t ic  

is CAOt canonica l .  T h e  Jacobian  of The Transformation def ined  by Equat ions 

( 2 . 1 )  i s  

If t h e  

thcn t h e  ‘trmsEormcit i o n  
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and, hence,  

M ~ J M .  = 

M =  

1 

0 '  0 0 

0 0  
I 
I 

'I:1 1 

O O I  0 -11 

0 0 1-1 0 1  

- - - - - - - I  
1 o f 0  0 

m O 1 
# 

m 

Thus, M is n o t  symplec t i c  and t h e  t r ans fo rma t ion  i s  n o t  canon ica l ,  How- 

e v e r ,  ir t n e  Hamiltonian i n  t n e  ix, A J  - sysrem is 

x1 x2 ' H =  

then  

is  a Hamiltonian i n  t h e  

t h a t  t h e  Hamiltonian form be preserved .  But ,  i f  H = x2 is t h e  Hamiltonian 

i n  t h e  {x9 A }  - system, t h e n  t h e r e  does n o t  e x i s t  a func t ion  K ( q ,  p)  i n  

1111. { q ,  p )  - systcrn which prpscrvcs IinmiLtoniart Form. Tlicrcforc, thc t rans-  

€ormation of Equa-tions (2-1) is  no t  independent of t h e  Hamil tonian,  as r e -  

qu i red  by D e f i n i t i o n  ( 2 . 4 )  i€ t h e  t r a n s f o - m a t i o n  i s  t o  be  canon ica l .  

{q ,  p )  - system which satisfies t h e  requi rements  

1 
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The fo l lowing  s imple  example demonstrates  a canon ica l  t r ans fo rma t ion  

fo r  which 1-\ # +1 e 

Example 2 .2 :  Consider t h e  .one-dimensional t ransfor rha t ion  which swi tches  

t h e  momentum and coord ina te  wi thout  a s i g n  change, i . e . ,  x = p and A = q . 
Then, 

which i m p l i e s  

The fact t h a t  t h i s  t r ans fo rma t ion  is  canon ica l  can be v e r i f i e d  a l s o  by de- 

f i n i n g  t h e  new Hamil tonian,  

That i s ,  l e t  H(x, A )  be  g iven .  

K , t o  be  t h e  n e g a t i v e  of t n e  o l d  Hamiltonian. 

But ,  K f -H imp l i e s  aii 
a x  a ax* Then, 2 = E i = -- 

' T  as ,des i r ed .  Thus, t h e  cond i t ion  M J M  = (t1)J is a s u f f i c i e n t  condi.tion 

f o r  a canon ica l  t r ans fo rma t ion ,  bu t  n o t  a necessa ry  cond i t ion .  

Before p r e s e n t i n g  a conditi .on for a canon ica l  transkorrnation which  

is of g r e a t  use i n  a p p l i c a t i o n s ,  one l a s t  p o i n t  should  be made wi th  r ega rd  

t o  Theorem ( 2 - 2 ) -  With r e f e r e n c e  t o  Appendix A ,  if on ly  time independent 
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canonica l  t r ans fo rma t ions  are cons idered ,  t hen  t h e  new Hamiltonian can be 

determined from t h e  o l d  Hamiltonian by a s t r a i g h t f o r w a r d  s u b s t i t u t i o n  of 

v a r i a b l e s .  To t h i s  end, t h e  fo l lowing  proper ty  is  p resen ted ,  
a- 

Proper ty  2.2:  Let (H(x, A ,  t ) ,  xl,...,x hlY...,A } be a Hamiltonian 

system. Then , 
n '  n 

= t ,  and x = 0 when t = 0 , is an equiva- 
+ xn+l  n + l  

wi th  H9C f 

l e n t  Hamiltonian system which does n o t  con ta in  t e x p l i c i t l y ,  b u t  has ( n + l ) -  

degrees  of freedom wi th  Hf;(x, A )  as a cons t an t  of t h e  motion. 

The canon ica l  form of a Hamiltonian system i s  u s u a l l v  des t royed  when 

t h e  independent v a r i a b l e  is  changed. Haiever ,  a s imple ar t i f ice  which em-  

p loys  P rops r ty  ( 2 . 2 )  can be used t o  r e s t o r e  a canon ica l  form. 

t i o n  of Proper ty  ( 2 . 2 1 ,  Rt'c(x, A )  is  a cons t an t  of t h e  motion, s a y  

Upon app l i ca -  

H:':(x, A )  f h = cons tan t  a 

$(x ,  A >  , where y i s  t h e  new independent v a r i a b l e .  Then, t h e  Let - = 

new Hamiltonlan is  

d t  
dY 

s i n c e  
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- 
Thus, {H, x, A) is a Hamiltonian system wi th  y ( i n s t e a d  of t ) as t h e  

independent v a r i a b l e .  

2.2 Genera t ina  Funct ions 

Although Theorem ( 2 . 1 )  g i v e s  a method f o r  v e r i f y i n g  whether or no t  

a t r ans fo rma t ion  is  canon ica l ,  it does n o t  g i v e  a means for determining t h e  

t r ans fo rma t ion  i t s e l f .  Based upon a modified Hamil ton 's  p r i n c i p l e ,  t h e  fo l -  

lowing theorem p r e s e n t s  a s u f f i c i e n t  cond i t ion  f o r  a canon ica l  t ransforma- 

t i o n  which is of use  i n  t h e  a c t u a l  d e f i n i t i o n  of a canon ica l  t ransformat ion .  

Theoren 2 .2 :  L e t  { H ,  x, A) and (K, q,  p )  be  t w o  Hamiltonian systems. 

If t h e  Lagrangians 

i n  t h e  two systems d i f f e r  a t  most by t h e  t o t a l  t i m e  d e r i v a t i v e  of an a r b i -  

t r a r y  scalar f u n c t i o n ,  t hen  t h e  t r ans fo rma t ion  

a canon ica l  t ransformat  ion .  I n  o t h e r  words : 

{x(q, p ,  t ) ,  A(q, p ,  t ) )  is 

is a s u f f i c i e n t  ' condi t ion  f o r  t h e  t r ans fo rma t ion  

be canon ica l .  

{x (q ,  p ,  t ) ,  A(q, p ,  t ) )  t o  

The importance of Equation ( 2 . 2 )  is mainly due t o  t h e  presence of the 

s c a l a r  f u n c t i o n  Si': . That is, c e r t a i n  s p e c i f i c a t i o n s  of  Sc: immediately 



16 

def ine  canon ica l  t r ans fo rma t ions ,  and c e r t a i n  assumptions about t h e  f u n c t i o n a l  

form of  Sf: r e s u l t  i n  p a r t i a l  d i f f e r e n t i a l  equat ions  whose s o l u t i o n s  d e f i n e  

canonica l  t r ans fo rma t ions .  For t h e s e  reasons  t h e  func t ion  Ss: i s  c a l l e d  a 

genera t ing  func t ion .  4 

I n  many e x p o s i t i o n s  on t h e  s u b j e c t  of canon ica l  t r ans fo rma t ions  only 

fou r  b a s i c  t ypes  o f  gene ra t ing  f u n c t i o n s  a r e  p re sen ted :  S$:(x, q ,  t ) ,  Sc:(x, 

p ,  t ) ,  S$:(X, q ,  t ) ,  and Sf:(X , p ,  t )  . The impression is given t h a t  t h e s e  

are t h e  only  p o s s i b l e  forms. However, t h e r e  e x i s t  many o t h e r  f u n c t i o n a l  forms 

f o r  t h e  gene ra t ing  f u n c t i o n s ,  and some o f  t h e s e  o t h e r  forms are ex tens ive ly  

used i n  t r a j e c t o r y  a n a l y s i s .  I n  fact ,  t h e  f o u r  forms mentioned above are used 

r a r e l y .  A r u l e  f o r  developing a l l  forms i n  which t h e  gene ra t ing  func t ion  w i l l  

depend on n nonconjugate o ld  v a r i a b l e s ,  n nonconjugate new v a r i a b l e s ,  and 

t ( i n  g e n e r a l )  i s  t h e  fo l lowing .  

D..l-  '3 I .  T - c  - .- 1.. > --J '7 f -  - '1 .CLl,- ..-..L : - 4 ... 

( i . e . ,  t h e  nonconjugate c o n d i t i o n ) .  

- 3 . -  Y - -  
.__ - _. - .___ -: - . 2 ; ,  r;' - - - - I - . . - 

3 .-:= . . .- -- 

Then, t h e  cond i t ions  which must be sat-  

i s f i e d  i n  o r d e r  t h a t  a canon ica l  t r ans fo rma t ion  wi th  a gene ra t ing  func t ion  of 

t h e  form S(z, Z ,  t )  i s  de f ined  can be obta ined  by independence arguments 

a f t e r  s u b s t i t u t i n g  

i n t o  Equation ( 2 . 2 ) .  The A-operation i s  def ined  by 

1 i f  a r b  

a A b  5 

0 i f  a g b .  

(2.4) 
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Throughout t h i s  t h e s i s  e f f e c t i v e  use  is  made of r a t h e r  s imple 

canonica l  t r ans fo rma t ions  which involve  t h e  swi tch ing  of  coord ina te s  and 

momenta, a change of s i g n ,  and t h e  a d d i t i o n  o f  a cons t an t .  A canon ica l  
a 

t ransformat ion  invo lv ing ,  a t  most,  t h e s e  t h r e e  ope ra t ions  w i l l  be  r e f e r r e d  

t o  as a s imple t ransformat ion .  A r u l e  f o r  such t r ans fo rma t ions ,  t o  be used 

i n  conjunct ion with Equat ions (2.2)  and (2.31,  is t h e  ' following. 

Rule 2 . 2 :  L e t  p E {x.  + a A .  t b , )  fo r  each i = l , . . . , n  , where a. i 1 i' 1 1 1 

and bi are cons tan t s .  That i s ,  t h e  new momenta are s p e c i f i e d  t o  be non- 

conjugate  o l d  v a r i a b l e s  p l u s  cons t an t s .  Then, t h e  new coord ina te s  a r e  de- 

f ined  by t h e  cond i t ions  obta ined  by independence arguments af ter  s u b s t i t u t i n g  

Equation (2.31, with  

i n t o  Equation ( 2 . 2 ) .  (The reason  for  s p e c i f y i n g  t h e  momenta i n s t e a d  of  t h e  

coord ina te s  i n  t h i s  r u l e  is  because t h e  cons t an t s  of a complete s o l u t i o n  of 

a Hamilton-Jacob: equa t ion  a r e  a c t u a l l y  momenta v a r i a b l e s .  This  f a c t  w i l l  

become more ev iden t  i n  t h e  s o l u t i o n  of  t h e  Hamilton-Jacobi equat ions  of 

Chapters 3 and 4 . )  

Since s imple t r ans fo rma t ions  a r e  used so f r e e l y  i n  t h i s  t h e s i s ,  t h e  

fo l lowing  example i s  given t o  demonstrate  t h e  procedure f o r  apply ing  t h e  

above r u l e .  

b w n p l  c! 2 3 : Without loss of g e n e r a l i t y ,  suppose t h a t  

pi = A; f ci 

= x + c i ,  P i  i 

( 2 . 6 )  



whsre t h e  C are  cons t an t s .  Appl ica t ion  of Equa t ion ' (2 .5 )  g i v e s  i 

m ,. . = C Xi(Pi - Ci) 
i=l 

' m y  ',+I S ( 2 ,  z ,  t) f S(X, ply"" 

(2.7) n 
- c ( X i  + cilqi . 

i = m + l  

Then, s i n c e  t h e  g e n e r a t i n g  f u n c t i o n  h a s  x ~ , . . . ~ x ~ ,  pl,...,pmy %+I¶' * "% 
as i t s  independent  v a r i a b l e s ,  Equat ion (2 .3 )  g ives  

m n m 
ss'; = [ c x.(p; - Ci) - c (Xi + ci)qi l  - Q i P i  (2 .6 )  

i=1 1 i=m+l i=l 

S u b s t i t u t i o n  of Equat ion ( 2 . 8 )  i n t o  Equation ( 2 . 2 )  results i n  

n m n 

After c a n c e l l a t i o n  and removal of t h e  ( K  - H)dt - term: 

n 
+ C [ (x i  + Ci - p. )dq .  + (qi + Xi)dxi] f 0 . 

1 1  i = m - t l  

S ince  t h e  d i f f e r e n t i a l s  a r e  independent t h e  s imple  t r ans fo rma t ion  is 

de f ined  by: 
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P i  1 i y  = x  i ( i  = l Y . . . , m )  
'i = x . + c  * 

(2.9) 

( i  = m-t-1,. . . ,n)  - pi = x ,  1 4- ci ; qi - - A i  . 

Equat ions (2 .9)  w i l l  be  used e x t e n s i v e l y  i n  Chapters  3 and 4 .  

2 .3  Homogeneous Canonical  Transformations i n  Optimal T r a j e c t o r y  Analysis  

I t  is w e l l  known i n  t r a j e c t o r y  a n a l y s i s  t h a t  if t n e  v a r i a t i o n a l  

problem under  c o n s i d e r a t i o n  is formula ted  as a Bolza problem3 i n  t h e  ca lcu-  

l u s  of v a r i a t i o n s ,  t hen  t h e  gene ra l i zed  Lagrangian is i d e n t i c a l l y  zero. For 

example, i n  t he - t ime-op t ima l  problem t h e  necessary  cond i t ions  for t h e  q u a n t i t y  

(where k = f . ( x ,  u ,  t) are t h e  equa t ions  of motion) t o  be  minimized a r e  i 1 

( i  = l y . . . y n )  (2.10a) d aL a L  - ( - ) - -  = 0 
d t  ax. axi 

1 

n 
h . f . 1  < 0 , 32 

57- 1 1 - 
n .  a 

au . 
- [ c hi';] = 0;  

i=l 

for a l l  t 5 t 5 t and 
0 f 

where 

a L  t f  
ax 

n a L  n 
[(L - C ki ) d t  f C Y f d t f  = 0 

i=l i i=l i 0 

n 

i=l 
L t c X . [ A .  - f ( x ,  u ,  t ) I  

1 1  

(2.10b) 

(2.10c) 

(2.11) 
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Because of t h e  form of Equat ions (2 .10a ) ,  t h e  f u n c t i o n ,  L , def ined  i n  

Equation (2.11)  is c a l l e d  t h e  gene ra l i zed  Lagrangian,  which is i d e n t i c a l -  

l y  ze ro  by d e f i n i t i o n .  

then  

The (gene ra l i zed )  Hamiltorrian f o r  t h i s  problem is  

n 
H f C XiAi - L 

i=l 

(2.12) 

Later, i n  t h i s  s e c t i o n ,  it w i l l  be  shown t h a t  t h e  form of  Equation (2.12) 

has  impor tan t  i m p l i c a t i o n s  i n  opt imal  t r a j e c t o r y  a n a l y s i s .  

Recall Equat ion (2 .2)  of Sec t ion  (2 .2) .  Th i s  equat ion  impl i e s  t h e  

fo l lowing  d i f f e r e n t i a l  forms 

n 

i=l 
6SfC = C (Ai6Xi' - Pi6qif (2.13) 

(2.14) 

If t h e  t r ans fo rma t ion  under cons ide ra t ion  is  'time independent ,  t h e n  S* does 

n o t  depend on time and t h e  two Hamil tonians,  K and H , are equal .  F u r t h e r ,  

i f  t h e  gene ra t ing  f u n c t i o n  is i d e n t i c a l l y  c o n s t a n t ,  t hen  6Sgc E 0 . Such 

t r ans fo rma t ions  have a s p e c i a l  name. 

8s:'; 
a t  Def in i t i on  2 . 5 :  A canon ica l  t r ans fo rma t ion  i n  which - = 0 and 6Sa  E 0 

is' c a l l e d  a homogeneous cznon ica l  t ransformat ion7  ,lt 

Furthermore,  a homogeneous canon ica l  t r ans fo rma t ion  i n  which n independent 

(Mathieu t r a n s f o ~ m a t i o n ~ ~  1 a 
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r e l a t i o n s  between (x, ,.. . ,xn1 and {q l ,  . . . , q  n >  are s p e c i f i e d  i s  c a l l e d  

an extended p o i n t - t r a n s f ~ r m a t i o n ~ ~  (extended coord ina te  t r a n ~ f o r m a t i o n ~ ~ ) .  

I n  Reference 2 5 ,  a method f o r  t ransforming  Lagrange m u l t i p l i e r s  from 

one s t a t e - c o o r d i n a t e  system t o  ano the r  is presented,  This  method involves  a 

number of  m a t r i x  m u l t i p l i c a t i o n s .  Ac tua l ly ,  such a t ransformat ion  is a ca- 

n o n i c a l  t r ans fo rma t ion ,  and i f  t h e  Hamiltonian is i n  t h e  form o f  Equation 

(2.12) , t hen  t h e  t r ans fo rma t ion  i s  an extended po in t - t r ans fo rma t ion ,  which 

g r e a t l y  s i m p l i f i e s  matters. This  fact  i s  proved i n  t h e  fo l lowing  theorem. 

Theorem 2 . 3 :  L e t  x = @ ( q )  be a nons ingu la r  t r ans fo rma t ion  between t h e  

coord ina te s  o f  two Hamiltonian sys tems,  and l e t  = f ( x ,  A ,  t )  and 4 = 

F(q,  p ,  t )  be t h e  t i m e  r a t e s  of  change of  t h e  coord ina te s .  If Hamiltonian 
n n 

systems where H = C A f and K = C p F are considered o n l y ,  t hen  t h e  i=l i i i=l i i 

t i m e  independent canon ica l  t r ans fo rma t ion  between t h e  momenta of  t h e  two 

svstems i s  de f ined  bv t h e  n-eaua t ions  

( i  ~ , . . . , n )  (2 .15)  

Proof :  A s u f f i c i e n t  cond i t ion  f o r  a canon ica l  t r ans fo rma t ion  is  given by 

Equation (2.21, i . e . ,  

Thus, 

Since t h e  t r ans fo rma t ion  is t ime independent 
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which i m p l i e s ,  by Equation '(2.13): 

n 

i=l 
6Sa  E 0 = c (A.6Xi - . 

1 

Appl ica t ion  of t h e  given s t a t e  t r ans fo rma t ion ,  x = +(q)  g ives  

c (pi  - c A .  -- J )6qi = 0 . 
I a 4 i  i=l 

Since  t h e  q.  (i = l , . . . , n )  are independent ,  t h e  c o e f f i c i e n t s  of t h e i r  

v a r i a t i o n s  must be ze ro ,  and t h e  d e s i r e d  r e s u l t  is obta ined  

1 

Thus, f o r  example, i f  an opt imal  t r a j e c t o r y  problem i s  completely 

formulated i n  Cartesian s t a t e  coord ina te s ,  t h e  Lagrange m u l t i p l i e r  t r a n s -  

formation between t h e  Car tes ian  system and any o t h e r  system ( e . g . ,  p o l a r  

coord ina te s ,  Poincare  v a r i a b l e s )  i s  immediately de f ined  by Equat ions (2.15) 

and t h e  s t a t e  v a r i a b l e  t ransformat ion .  

Another l y p c  o r  c;inonic;lL transTormciLion wltich is simi1,ir t o  < i n  

extended p o i n t - t r a n s f o r n ~ a t i o n  is g iven  by tlle fo l lowing  d e f i n i t i o n .  



2 3. 

Def in i t i on  2 . 6 :  

( i )  6s 5 0 , where 

A t i m e  independent canonica l  t ransformat ion  i n  which: 

n 

{Al,.. . , A  1 and {pl ,... 1 ,prl and ( i i )  n independent r e l a t i o n s  between 
n 

are s p e c i f i e d ,  i s  c a l l e d  an extended momenta-transformation. 

The reason f o r  d e f i n i n g  such a t r ans fo rma t ion  is because o f  i t s  pos- 

s i b l e  importance i n  t h e  opt imal  t r a j e c t o r y  problem. Before g iv ing  an example 

of such an a p p l i c a t i o n ,  t h e  corresponding coord ina te  t r ans fo rma t ion  (which 

w i l l  a l s o  con ta in  momenta) w i l l  be  determined. 

L e t  A = $(p )  be a nons ingular  t r ans fo rma t ion  between t h e  momenta 

of two Hamiltonian systems. S u b s t i t u t i o n  of t h e  extended momenta-transfor- 

mation cond i t ion  (i) i n t o  Equation (2.13)  g ives  

I1 ‘I 

c (A.6x. t- X . 6 X i  - piGqi - qi6pi> = c (Ai6Xi - pi6qi) 
1 1  1 i= 1 i=l 

n 

i=l 
c (Xi6hi - qiGpi) E 0 . 

I - c (Xi c - 6pj - qi6pi) = 0 
i=l j =1 aP j 

(2 .16)  

(2 .17)  
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Examp]: 2.4: Consider an opt imal  t r a j e c t o r y  problem i n  p o l a r  coord ina te s  --- 
with  t h r u s t  and an i n v e r s e  square  g r a v i t a t i o n a l  f o r c e  f i e l d .  The genera l -  

i z e d  Hamiltonian i s  ( s e e  F igure  1 ) :  

T T 
m 2 m H = A1(v2/r - k / r 2  + - s i n  a )  + A ( -uv / r  + - c o s  a )  

(2.15) 

+ A3u + A4v/r , 

. -  
where u = r v 5 re , and m E m + ';lo(t - t o )  . For a minimum, t h e  

fo l lowing  z a d i t i o n s  must be s a t i s f i e d :  

0 

. C ' I  

an d 

x1 t a n  u = - , 
A, 

L 

a 2 H  - T T - - A  - s i n  a - A - c o s  a 5 0 l m  2 m  

which i m p l i e s  

(2.19) 

(2.20) 

(2.21) 

I _  ... I - .dua t ions  (2.19)  and (2.21) imply t h a t  t h e  knowledge o f  two Lagrange 

m u l t i p l i e r s  i s  necessary  t o  determine one c o n t r o l .  On some miss ions  ( e . g . ,  

m u l t i r e v o l u t i o n  c i r c u l a r  o r b i t  t r a n s f e r s )  it is w e l l  known t h a t  t h e  op t ima l  

c o n t r o l  behavior  i s  t h a t  of a s l i g h t  o s c i l l a t i o n  about a = 0 . Thus, on 
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many of t h e s e  missions I X 2 1  >> IXl/ . I n  such c a e s ,  it might be more 

economical t o  be t r e a t i n g  a Hamiltonian system which takes advantage of t h i s  

knowledge, e . g . ,  

p1 ' tan 01 = (2 .22)  

is  a new m u l t i p l i e r .  I n  t h i s  case, t h e  important  m u l t i p l i e r  is  P1 where 

bounded i f  la1 < 90' (whereas i n  Equation (2.19)  

wide ranges  of va lues  wi th  only t h e i r  r a t i o '  bounded), and t h e  c o n t r o l  i s  a 

and X may have 
, X1 2 

func t ion  of only  one m u l t i p l i e r .  

The d e s i r e d  s i t u a t i o n ,  i . e . ,  Equation (2.221, can be obta ined  by app l i -  

cation of an extended momenta-transformation. That is ,  t h e  fo l lowing  Lagrange 

m u l t i d i e r  t r ans fo rma t ion  is  s p e c i f i e d :  

Appl ica t ion  of Equat ions (2.17) r e q u i r e s  t h e  new s t a t e  v a r i a b l e s  t o  be 

q1 = ux2 

93 3 3  = r =  

(2.23) 

( 2 . 2 4 )  
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In t h e  {q ,p)  - system, t h e  o p t i m a l i t y  c r i te r ia  of Equat ions (2.19) 

and (2.20) r e q u i r e s :  

8l-I - T T - - p1p2 cos u - p - s i n  o! = 0 
aa 2 m  

PIP2 - 
p2 '1 ; 

t a n  a = - - 

and 

From Equat ion (2.26) 

so Equat ion (2.27) becomes 

OS , 

(2.25) 

(2.26) 

(2.27) 

(2.29) 

Since  (1 c p:) > 0 for a l l  r e a l - v a l u e s  of p .) t h e  proper  s i g n  is d e t e r -  

mined by t h e  following cond i t ions  : 

1 

> o  -++ p l u s  s i g n  p2 
( 2 . 3 0 )  

. : o  ++ minus s i g n  p2 
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Sin e t h e  a n a l y s i s  is only  cons idered  f e a s i b l e  f o r  missions on which la1 < go', 

the!. cos a > 0 . Thus, from Equat ions (2.281, t h e  p l u s  s i g n  must be chosen 

i n  o r d e r  t o  s a t i s f y  cos a > 0 . This  imp l i e s  t h a t  p > 0 , which i s  a l s o  

ev ident  from t h e  fact  t h a t  a 

2 

p1p2 

p2 
t a n  a = - , 

c only  t h e  numerator can be  nega t ive  i f  l a \  < 90' . Therefore ,  i n  

S U m c  $ 7 :  t h e  gene ra l i zed  Hamiltonian is  

s u b j e c t  t o :  

(2.31) 

and t h e  opt imal  c o n t r o l  is de f ined  by 

cos a = 1/(1 + pi)'  , s i n  a = p l / ( l  + p i ) %  . ( 2 . 3 2 )  p1 ' < All a = 

For missions wi th  small c o n t r o l  angles  ( e . g . ,  1011 5 15')  t h e  func- 

t i o n a l  form o f  Equation ( 2 . 3 1 )  is  convenient  f o r  a binomial  expansion of t h e  

r a d i c a l .  Note t h a t  t h e  approximation 1 r e p r e s e n t s  t h e  circumfer- 

e n t i a l  t h r u s t  case ( i . e . ,  a f 0 ) .  Also, e s p e c i a l l y  no te  t h a t  each of t h e  

p1 * 
r e l a t i o n s  i n  Equat ions ( 2 . 3 2 )  depend on only one m u l t i p l i e r ,  

With r e s p e c t  t o  t h e  Bolza problem i n  t h e  c a l c u l u s  o f  v a r i a t i o n s ,  t h e  

above development corresponds t o  t h e  cons ide ra t ion  of  a modif ied gene ra l i zed  

Lagrangian def ined  by 
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n 

i= 1 
L z c g . (p ,  )... ,p 1 [Ai  - f ( x ,  u ,  t ) 3  ¶ 

1 n 

where t h e  f u n c t i o n s  gl, ..., r e p r e s e n t  n-independent f u n c t i o n s  of n-un- 

known m u l t i p l i e r s .  

8, CR 

The u s u a l  Bolza formula t ion  i s  a s p e c i a l  case de f ined  

by gi f pi . For t h e  Hamiltonian o f  Example (2 .41 ,  t h e  cor responding  

Lagrangian i s  

The Euler-Lagrange equa t ion  f o r  t h e  c o n t r o l  i s  

P1 t a n  a = 

as expected.  Therefore ,  one can view an extended momenta-transformation as 

a modif ied Bolza problem of  t h e  c a l c u l u s  o f  v a r i a t i o n s  i n  which t h e  mul t i -  

p l i e r s  o f  t h e  equa t ions  of motion i n  t h e  Lagrangian are not r e q u i r e d  t o  be 

n s i n g l e  p ' s  . i 

2 . 4  Hamilton-Jacobi Theory 

The previous  s e c t i o n s  were concerned wi th  t h e  procedure f o r  perforining 

a canon ica l  t r ans fo rma t ion  when a g e n e r a t i n g  func t ion  i s  g iven .  A t t en t ion  

w i l l  now be  given t o  t h e  problem of  de te rmining  a gene ra t ing  func t ion .  
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L e t  H(x, A ,  t )  be a given Hamiltonian system. If a canon ica l  

t r ans fo rma t ion  t o  a new Hamiltonian system where K E 0 can be e f f e c t e d ,  

then  t h e  i n t e g r a t i o n  problem w i l l  be  t r i v i a l ,  :.e., 
-r3- 

'i = cons tan t  E 'i = o  - a K  - -  9 i  aPi 

__dl ( 2 . 3 3 )  

pi = cons tan t  E a .  1 . 

The Hamilton-Jacob; t heo ry  has as i t s  fundamental  o b j e c t i v e  t h e  d e f i n i t i o n  

of t h i s  p a r t i c u l a r  canon ica l  t r ans fo rma t ion .  

L e t  {x ,  p ,  t )  be  t h e  subse t  of  2n + 1 independent v a r i a b l e s  of 

t h e  se t  of  4n + 1 v a r i a b l e s  {x, A ,  q ,  p ,  t )  . Then, a p p l i c a t i o n  of Rule 

(2 .1)  g '  i v e s  

n 
st: S(x, p ,  t )  - C qipi . 

2 - 4  - -  
S u b s t i t u t i o n  of  Sfc i n  Equation (2 .2)  g ives  

n n n 

1 1  1 1  d t  
C A.k. - H = C p .4 .  - K + - -  dS E ( q p i  + Pi& 

i=l i=l i=l 

n as . 
= 0 .  as as . n 

i=l 
( A . A .  + q . 6 . )  - H t K - 7 - C (c X. + - P i )  

1 1  1 1  o t  i=l i 1 aPi 

Then, s i n c e  t h e  s e t  Ex, p ,  t )  is  independent 

- as - -  
ax. 
1 

Ai 

(i = 1, . . . ,  n )  ( 2 . 3 Q )  
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Thus, f o r  t h e  important  s p e c i a l  case when K f 0 , t h e  t h i r d  of Equat ions 

(2.34) y i e l d s  t h e  Hamilton-Jacobi equati.on (H-J equa t ion ) :  

(2.35) 

where t h e  first s e t  of Equat ions (2 .34)  has  been u s e d - t o  r e p l a c e  

- as 
axi 

A i  by 

i n  t h e  Hamiltonian. The H-J  equa t ion  is a f i r s t - o r d e r  p a r t i a l  d i f fer-  

e n t i a 1  equat ion  which is t o  be so lved  for t h e  gene ra t ing  f u n c t i o n  S ( x , a , t ) ,  

- i n  t h e  {K f 0 ,  qi = B i ,  pi 5 a , ) - sys tem.  A s  shown i n  t h e  - 
1 

where ai pi 

fo l lowing  important  theorem, i f  a complete s o l u t i o n  of t h e  H - J  equa t ion  can 

be determined,  t h e n  a g e n e r a l  s o l u t i o n  t o  t h e  o r i g i n a l  dynamical problem 

w i l l  be  de f ined .  

T'nonvnm 7 2 ( . T a r n h i ' @  Thenporn). T i p +  S f y  C L .  I-) he a comnlete S o l u t i o n  O f  

as = 
aai t h e  H - J  equa t ion ,  and ( 6 1  be a set  of n a r b i t r a r y  c o n s t a n t s  and - - Bi. 

Then, t h e  f u n c t i o n s  

x i = Xi(", B ,  t )  

c o n s t i t u t e  a g e n e r a l  s o l u t i o n  of  t h e  o r i g i n a l  Hami l ton ' s  e q u a t i o n s ,  i . e . ,  

( i  = I ,  ..., n )  
- ai3 - - -  a H  

= I  ax i  9 ax. 1 = i 

i n  as t ronony arid a tomic p h y s i c s ,  most of t h e  Hamiltonian systems en- 

countered  are conse rva t ive  (;..e., time does n o t  appear  e x p l i c i t l y  i n  t h e  

Hamiltonian f u n c t i o n ) .  I n  t h i s  case, H(x, A) is a cons tan t  of t h e  motion 

s i n c e  
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n n 
dH - 

1 1  1 1  i=1 
- -  

i=l d t  

Thus, for such problems it is  sometimes more convenient t o  cons ide r  gener- 

a t i n g  f u n c t i o n s  which do not  depend on t ime.  Then, from Equat ions (2.34) 

I 

( i  = I,.. . , n )  

(2.36) 

I n s t e a d  of r e q u i r i n g  K f 0 , l e t  t h e  new Hamiltonian be any s p e c i f i e d  

f u n c t i o n  o f . t h e  new momenta, i .e . ,  K = K(p) . Since  K is a Hamiltonian 

( i  = I ,  ... ,n)  

Thus, pi = cons tan t  P ci (i = 1 ,. . . , n )  and so i 

Hence, once aga in  t h e  i n t e g r a t i o n  problem is  t r i v i a l  and t h e  last  of Equat ions 

( 2 . 3 6 )  becomes 

( 2 . 3 7 )  
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A s p e c i a l  ca se  o f  Equation (2.37) is  

which Born5 r e f e r s  t o  as t h e  Hamilton-Jacobi equat ion .  

A s  it s t a n d s ,  t h e  Hamilton-Jacobi t heo ry  is e l egan t  bu t  it cannot 

be used t o  s o l v e  many problems s i n c e  it involves  t h e  i n t e g r a t i o n  of a par -  

. t i a l  d i f f e r e n t i a l  equat ion .  .However, approximate s o l u t i o n s  t o  many non l inea r  

problems have been obta ined  by t h e  a p p l i c a t i o n  of p e r t u r b a t i o n  t h e o r i e s  based 

on t h e  H - J  equa t ion .  

There a r e  two 'basic techniques  f o r  o b t a i n i n g  p e r t u r b a t i o n  s o l u t i o n s  

wi th  Hamilton-Jacobi t heo ry :  

+ i n n s  (canonical Derturba t ion  theo rv )  or attack a new p a r t i a l  d i f f e r e n t i a l  

equat ion  ( H - J  p e r t u r b a t i o n  t h e o r y ) .  

a t t a c k  a new set of o rd ina ry  d i f f e r e n t i a l  equa- 

I n s t e a d  of  developing t h e  p e r t u r b a t i o n  

procedure for t h e s e  two methods s e p a r a t e l y ,  t hey  w i l l  be  de r ived  t o g e t h e r  

s i n c e  t h e  d e r i v a t i o n s  are e s s e n t i a l l y  t h e  same. Moreover, when t h e s e  two 

techniques  are a p p l i e d  it may be advantageous t o  u s e  a combination of t h e  

two. The b a s i c  i d e a  i n  bo th  procedures  is  t o  make'the i n t e g r a t i o n  problem 

t r i v i a l  by performing a sequence of t r ans fo rma t ions  which converge t o  

"na tu ra l "  v a r i a b l e s  f o r  t h e  problem ( e . g . ,  a s e t  of canonic c o n s t a n t s ) .  

Let {H(x, A, t ) ,  x,  A )  be a Hamiltonian system. Suppose t h a t  t h e  

Hamiltonian is  p a r t  it ioned as 

m 

i=l 
H = H - C H i ,  

0 

where a complete s o l u t i o n  of t h e  H - J  equa t ion  for H i s  known. I n  p r a c t i c e ,  
0 
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t h e  f i n i t e  sum is  sometimes r ep laced  by an i n f i n i t e  sum (e .g . ,  a power 

s e r i e s  or F o u r i e r  s e r i e s  expansion f o r  H - H ),  but  t h e  procedure is t h e  
0 

same as for a f i n i t e  sum. -%T 

Since  t h e  H-J  t heo ry  assumes t h e  s e t  {x,  p,  t) is t h e  independent 

subse t  of {x, A ,  q ,  p ,  t )  , then t h e  g e n e r a l  equat ions  f o r  a canon ica l  

t ransformat ion  a r e  Equat ions (2.341, i . e . ,  

as xi = - ax i 

(i = ..., n )  (2.38) 

, t >  = o >  aso aso 
a t  - -I- Hob, 

and l e t  t h e  system 

x: = X i b ,  0 

0 = AP(a, 6 ,  t )  

6 ,  t )  
1 

'i 

(2.39) 

(i = I, ..., n )  

be t h e  g e n e r a l  s o l u t i o n  of Hamil ton 's  equa t ions  f o r  

{ a ,  f3) 

( 2 . 3 9 ) .  From t h e  l as t  of Equat ions ( 2 . 3 8 )  

Ho , where t h e  s e t  

i s  t h e  s e t  o f  canonic  cons tants  determined by t h e  s o l u t i o n  of Equation 

m 

i=l * -  C H i 3  



o r  

and 

31: 

(2.40) 

(2 .41)  

Thus, t h e  r e s u l t  i s  a new Hamiltonian system {K, a, 6) . 
There are  two b a s i c  ways of a t t a c k i n g  t h e  "new" Hamiltonian problem 

de f ined  by Equations (2 .40)  and (2 .41) .  Canonical p e r t u r b a t i o n  t h e o r y  i n -  

vo lves  t h e  i n t e g r a t i o n  of Equations ( 2 . 4 1 )  whereas H - J  p e r t u r b a t i o n  theo ry  

invo lves  t h e  i n t e g r a t i o n  of t h e  H - J  equa t ion  f o r  t h e  Hamiltonian K . 
Define Ko(a, B y  t )  f -H [xo(a ,  8 ,  t), Ao(a ,  B ,  t ) ,  t ]  . Then, 1 

m 

i = 2  
K = K - C H i .  

0 

Consider t h e  H - J  equa t ion  for K : 
0 

t Ko(B, as1 , t )  = 0 .  a t  (2.42) 

L e t  S1 (a ,  B ,  t )  be a complete s o l u t i o n  o f  Equation (2 .42) .  Applying t h e  

g e n e r a l  canon ica l  t r ans fo rma t ion  Equations ( 2 . 3 8 )  aga in  l e a d s  t o  t h e  fo l lowing  

expres s ions  

- as1 
1 a B i  

a .  - - 

( i  = 1, ... , n )  

m m .  

i = 2  i = 2  

as1 - as1  
a t  a t  K?: = - - I - K  = ( - + K > -  C H = - C H i .  

0 i 



35 

The s e t  {a ,  b )  i s  a s e t  of canonic  c o n s t a n t s  f o r  t h e  problem de f ined  by 

H - HI , and from J a c o b i ' s  theorem, t h e  set  of equa t ions  
0 

(i = I, ..., n )  

r e p r e s e n t s  a g e n e r a l  s o l u t i o n  of t h e  Hamilton's e q u a t i o n s ,  i . e . ,  Eqs. 

(2 .41) .  If Ho - H1 is  a v a l i d  approximation t o  t h e  t o t a l  Hamiltonian H , 
t hen  t h e  system 

should be a v a l i d  approximation t o  t h e  g e n e r a l  s o l u t i o n  of t h e  Hamil ton 's  

equa t ions  for t h e  t o t a l  Hamiltonian. 
m 
C Hi i=2 

If t h e  effects of are r e q u i r e d ,  t h e  same procedure can be 

One of t h e  most powerful  a s p e c t s  of a Hamiltonian app l i ed  t o  

p e r t u r b a t i o n  theo ry  is t h a t  one need n o t  s t a r t  a11 over  when a h i g h e r  crder 

H2 , Hg , etc .  

approximation or t h e  effect  of a new p e r t u r b a t i o n  is requi red .  



CHAPTER 3 

THE COAST-ARC PROBLEM 

I n  many opt imal  t r a j e c t o r y  problems it is sometimes d e s i r a b l e  t o  

al low a c o a s t i n g  pe r iod  ( i .  e. , zero.-thrust ) dur ing  t h e  t r a j  ec to ry4  5 35. 

For example, i n  a c i r c u l a r  o r i b t  rendezvous problem, i f  t h e  f i n a l  mass of 

t h e  v e h i c l e  is t o  be maximized, a ga in  i n  t h e  f i n a l  mass is sometimes ac- 

complished by al lowing a coas t -per iod  i n  t h e  t r a j e c t o r y .  

motivated i n t e r e s t  i n  t h e  coas t - a rc  problem. 

Such missions 

T 
m Def in i t i on  3.1: L e t  k = f a [ x ,  - $ ( x ,  X , t ) , t ]  be t h e  equat ions  of motion 

and i = g ( x ,  A, t )  be t h e  Euler-Lagrange equat ions  (of t h e  m u l t i p l i e r s )  

f o r  an opt imal  t r a j e c t o r y  problem where u = $(x ,  A, t )  has been obta ined  

equat ions :  2 = f f< [x ,  0 ,  t ]  = f ( x ,  t) 

x = g(x ,  A, t) 

is  c a l l e d  t h e  coas t - a rc  problem. 

The p l a n a r  coas t - a rc  problem w a s  f i r s t  so lved  by Miner2f and then  by 

The s o l u t i o n s  of  References Eckenwiler9 , Hempel13 , and Ng and P a l m a d e s ~ o ~ ~ .  

9 ,  13, and 25 t rea t  c i r c u l a r  cond i t ions  as a s p e c i a l  case and n o t  a s  a con- 

t i nuous  ex tens ion  of t h e  e l l i p t i c a l  case. These s o l u t i o n s  also involve  t h e  

i n t e g r a t i o n  of t h e  f u l l  set  of o rd ina ry  d i f f e r e n t i a l  equat ions .  

(3 .2 ) ,  a s o l u t i o n  of t h e  coas t - a rc  problem is obta ined  by a p p l i c a t i o n  of t h e  

lLmilton-Jacobj. rncthod. Th i s  s o l u t i o n  is e s s e n t i a l l y  t h e  same as those  

mentioned above except  t h a t  it has t h e  advantage o f  be ing  def ined  by canonic  

cons t an t s  i n s t e a d  of o rd ina ry  cons t an t s  of  i n t e g r a t i o n .  

I n  Sec t ion  

36 
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The s o l u t i o n  of Reference 2 9  does n o t  r e q u i r e  a s p e c i a l  s o l u t i o n  f o r  

c i r c u l a r  c o n d i t i o n s ,  b u t  it does involve  nunierous i n t e g r a t i o n s .  I n  Sec t ion  

(3.31, a s o l u t i o n  of  t h e  coas t - a rc  problem is obta ined  by first performing a 

canonica l  t r ans fo rma t ion  of t h e  o r i g i n a l  canonica l  system of Sec t ion  (3 .2 ) .  
.R 

This  r e s u l t s  i n  a s e p a r a b l e  Hamilton-Jacobi equat ion  whose s o l u t i o n  involves  

t h e  e v a l u a t i o n  of only one i n d e f i n i t e  i n t e g r a l .  Th i s  ’ so lu t ion  does not  re- 

q u i r e  a s p e c i a l  case f o r  c i r c u l a r  c o n d i t i o n s ,  and it a l s o  has  t h e  advantage 

of be ing  de f ined  by canonic  cons t an t s  i n s t e a d  of o rd ina ry  cons t an t s  of in -  

t e g r a t i o n ,  such as t h o s e  involved i n  t h e  s o l u t i o n  of Reference 29.  

The i n t e r e s t  i n  t h e  coas t - a rc  problem i n  t h i s  t h e s i s  i s  not for i ts  

a p p l i c a t i o n  t o  c o a s t i n g  p o r t i o n s  of t r a j e c t o r i e s ,  bu t  r a t h e r  f o r  i t s  po- 

, t e n t i a l  as a base  s o l u t i o n  i n  a canon ica l  p e r t u r b a t i o n  a n a l y s i s  of t h e  low- 

t n r u s t  problem. For example, t h e  gene ra l i zed  Hamiltonian for many opt imal  

T H = H o + g H 1 ,  

where  H de f ines  t h e  coast-arc problem. Thus, for missions where t h e  

g r a v i t a t i o n a l  f o r c e s  are dominate when compared wi th  t h e  t h r u s t - f o r c e s  (e .g .  , 
0 

near -p lane t , low- thrus t  mi s s ions ) ,  t h e  p o s s i b i l i t y  e x i s t s  of p e r t u r b i n g  t h e  

c o a s t - a r c  s o l u t i o n  i n t o  an approximate g e n e r a l  s o l u t i o n  t o  t h e  t o t a l  problem. 

I t  should be noted  t h a t  t h e  s o l u t i o n  of Sec t ion  (3 .3 )  appears  t o  be 

p r e f e r a b l e  i n  every way t o  t h e  s o l u t i o n  of  Sec t ion  (3.2)  s i n c e  it does n o t  

have e i t h e r  a c i r c u l a r  s i n g u l a r i t y  or t h e  k s i g n  d i f f i c u l t i e s ,  and it can be 

solved by s e p a r a t i o n  of v a r i a 5 l e s .  However, t h e  s o l u t i o n  of Sec t ion  (3.2)  was 

obta ined  before t h e  s o l u t i o n  of Sec t ion  (3.31, and i-rs s t u d y  even tua l ly  l e a d  

t o  t h e  s o l u t i o n  of Sec t ion  ( 3 . 3 ) .  F u r t h e r ,  t h e  method of  s o l u t i o n  presented  

i n  Sec t ion  (3 ,2 )  demonstrates  t h e  f e a s i b i l i t y  of a - t tack ing  nonseparable  Kamilton- 

Jacohi equa t ions .  
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3.1 D e v e l o p e n t  of a C l a s s i c a l  Hamiltonian Form 

Before t h e  c l a s s i c a l  Hamiltonian theory  can be app l i ed  i n  t r a j e c t o r y  

a n a l y s i s ,  t h e  optimal t r a j e c t o r y  problem must: be ezpressed  as a wel l -def ined  

Hamiltonian system of f i r s t - o r d e r  o rd ina ry  d i f f e r e n t i a l  equat ions  def ined  by 

a Hamiltonian func t ion  and a s e t  of 2n -1- 2 boundary cond i t ions .  

Consider t h e  problem of ex t remiz ing  t h e  f u n c t i o n  

s u b j e c t  t o  t h e  c o n s t r a i n t s  

k - f i ( x ,  u ,  t) = o , (i = 1 ,...) n )  i (3.2) 

and t h e  geometr ic  boundary cond i t ions  

(i = l > . . . , n )  ( 3 . 3 )  Xi(t0) - - xio 

M .  (x f ,  tf) = 0 (i = 1 ,... , p ~ )  (3.4) 

where ' x  i s  a n-vector  of state v a r i a b l e s  and u is  a m-vector of c o n t r o l  

v a r i a b l e s .  .The problem can be formulated as a Bolza problem3 i n  t h e  ca lcu-  

lus of v a r i a t i o n s  by in t roduc ing  a set  of unknown m u l t i p l i e r s  (X1,.*.'A 1 n 

and forming t h e  augmented f u n c t i o n a l  

If I i s  t o  be an extrema1 with r e s p e c t  t o  t h e  choice  of u ( t )  , t h e  follow- 

i.ng necessary cond i t ions  must be s a t i s f i e d :  

( i) Lagrange 's  equat ions  m u s t  be s a t i s f i e 2  everywhere i n  t h e  i n t n r v a l  

t I ; t s t t f ,  
0 

1.e. 



where 

and 

( i i )  a '  s e t  of t r a n s v e r s a l i t y  c o n d i t i o n s ,  say :  

N.(xf,  Xf, t,) = 0 , (i = 1 ,..., n-p+l)  
1 

(3.8). 

(3.9) 

.*. n 
H''(X, A ,  u ,  t )  f C Aiki - L(x, A ,  u ,  t )  , i=l 

and then  developing Hamilton's equa t ions  

Equat ions (3 ,7 )  and (3.10)  can be combined t o  y i e l d  

(3.10) 

(3.11) 

(3.12) 

a n  a c ~ t l  i t i o n  , t ~ i c :  ~cicrr,trcls:; conc1j.t i.on3 m u s t  bc sti t i:;tic;d i , ~  t h c  f i l r l c  t - i o i l , J i  

def ined by Equation (3 .5 )  is  t o  be a minimum. 

qu iremerit t h a t  

This  l eads  t o  t h e  f u r t h e r  re-  
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(3 .13)  

f o r  a l l  admiss ib le  Su. and 6u . 
1 j 

I n  most op t imal  t r a j e c t o r y  problems, EquatYons (3.12)  and (3 .13)  can 

be used t o  express  t h e  c o n t r o l  v a r i a b l e s  as func t ions  of t h e  s t a t e  v a r i a b l e s  

and t h e  Lagrange m u l t i p l i e r s ,  s ay  

Consider t h e  composite func t ion  

( i  = ~ , . . . , m )  

and its p a r t i a l  d e r i v a t i v e s  wi th  r e s p e c t  t o  t h e  x. and A .  
1 1 

( i  = l , . . . , n )  

aH* 
au 

j 
By Equat ion (3.121,  - = 0 s o  Equat ions (3 .16)  reduce t o  

( i  = 1, ... , n )  

(3.14) 

(3.15) 

(3.16) 

(3 .17)  

Thus, Equat ions (3.17)  are Hamilton's equat ions  for t h e  Hamiltonian of Equa- 

t i o n  (3.151,  which is i n  t h e  c lass ica l  form s i n c e  it does no t  con ta in  any 

v a r i a b l e s  which do not  have conjugate  momenta ( e . g . ,  t h e  c o n t r o l  v a r i a b l e s ) .  
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Equat ions (3.17) and t h e  boundary cond i t ions  of Equations ( 3 . 3 ) ,  (3.41, 

and (3 .9)  r e p r e s e n t  a wel l -def ined  Hamiltonian system descr ibed  by t h e  "gen- 

e r a l i z e d  coord ina tes"  

Thus, t h e  classical p e r t u r b a t i o n  theories of Hamiltonian mechanics a r e  now 

a v a i l a b l e  for  t h e  opt imal  t r a j e c t o r y  problem. 

{x,, . . . ,x 1 and t h e  "geneml ized  momenta" { A , ,  . . . ,,A 1 .  n n 

3.2 A N a t u r a l  P o l a r  Base So lu t ion  

Consider t h e  problem of minimizing t h e  t i m e  of f l i g h t  of a v e h i c l e  

powered by a con t inuous ly - th rus t ing  engine  i n  which t h e  t h r u s t  and mass flow- 

r a t e  are assumed cons t an t .  The only  o t h e r  f o r c i n g  effect i s  due t o  an in -  

v e r s e  square  g r a v i t a t i o n a l  f i e l d  of a n o n r o t a t i n g  s p h e r i c a l  body. The motion 

is assumed t o  t a k e  p l ace  i n  a s i n g l e  p l ane ,  and t h e  state of t h e  v e h i c l e  w i l l  

be desc r ibed  by a p o l a r  coord ins t e  system. The c o n t r o l  v a r i a b l e  is  t h e  ang le  

F igure  1). 

L e t  u f r and . v  f r e  . Then, t h e  equa t ions  of motion f o r  t h e  

v e h i c l e  are 

T C = v 2 / r  - k / r 2  + ;;; s i n  ci 

T 
m . +  = -uv/ r  + - c o s  ci 

m z m + io(t - to) 
0 

r = u  

0 = v / r  

(3.18) 

( 3 .  I9 ) 

3y i n t roduc ing  f o u r  unknown Lagrange m u l t i p l i e r s  and r e f e r r i n g  t o  t h e  r i g h t -  

hand s i d e s  of Equat ions (3.18)  as €.(x ,  a, ?) 

x 

(where xl = u ,  x2 = v ,  
1 

= r ,  x4 = e } ,  a gene ra l i zed  Hani1toni.a.n can be def ined  3 



42 

4 
Hs’: 5 i-1 c A i f i ( X ,  a ,  t )  . (3.20) 

The c o n t r o l ,  ct , can be expressed as a func t ion  of Lagrange m u l t i p l i e r s  by 

applying Equation (3.12) and (3.13) t o  t h e  Hamiltonian of  Equation (3.20) , 
i .e.  , 

g. 

(3.21) 

Upon s u b s t i t u t i o n  of Equat ions (3.21) i n t o  Equation (3.201, a new Hamiltonian 

is determined 

H(x, A ,  t) = H’:[x, A ,  a(A), t] 

or, i n  e x p l i c i t  form 

1 ‘T H = [Al(v2/r - k / r 2 )  - A2uv/r t A3u t A,v/r] i- --(A: m + A;)’ . 

Equation (3.22)  can be p a r t i t i o n e d  i n t o  a base  Hamiltonian 

p e r t u r b i n g  t e r m  ?Ai t A$? It e . g . ,  m 

Ho and a 

(3.22) 

(3.23) 

If t h e  t h r u s t . ,  T , is zero, then  H = H d e f i n e s  t h e  coas t - a rc  problem. A 

complete s o l u t i o n  of t h e  H-J equa t ion  for 
0 

H w i l l  now be obta ined .  
0 

Before w r i t i n g  t h e  H - J  equa t ion  f o r  I-I , it w i l l  be advantageous t o  
0 

< > f J i i : ; i r l f 2 r  a l)tiy:;icLil. intcrprcLaLior1 OF llic: proLlcrn. Since ~ h r u : ;  t. is  :zero, L l ~ t a  

s t a t e  v a r i a b l e s  r e p r e s e n t  a Kepler ian o r b i t  and t h u s ,  a r e  not  a f f e c t e d  by the 

Lagrange m u l t i p l i e r s .  (This  fact  i s  a l s o  e v i d e n t  by in spec t ion  of t h e  equations 



43 

of Def in i t i on  (3.11.) Hence, for t h e  base problem, t h e  energy a d  sngu la r  

momentum of t h e  o r b i t  should be cons t an t s  of t h e  motion. Also,. H does 

not  con ta in  t ime e x p l i c i t l y ,  s o  H should be a c e n s t a n t  of  t h e  motion; 

and 6 does not appear  e x p l i c i t l y  i n  H , so t h e  conjugate  v a r i a b l e  of 

6 should be a cons t an t  of t h e  motion. Thus, f o u r  cons t an t s  of t h e  motion 

a r e  r e a d i l y  apparent .  To apply t h e  H - J  theory  most e f f e c t i v e l y ,  a s imple 

canonica l  t r ans fo rma t ion  should be performed i n  such a way t h a t  t h e  above 

mentioned c o n s t a n t s  of t h e  motion can be r e l a t e d  t o  fou r  momenta v a r i a b l e s  

0 

0 

0 

of t h e  base  Hamiltonian. 

i n t e g r a l s  a r e  s t r i c t l y  f u n c t i o n s  of s t a t e  v a r i a b l e s  ( i . e . ,  gene ra l i zed  co- 

o r d i n a t e s ) ,  so  a s imple t ransformat ion  should be'employed t o  make two of 

t h e  s t a t e  v a r i a b l e s ,  i n  t h e s e  r e l a t i o n s ,  gene ra l i zed  momenta. Then, t h e  

f o u r  c o n s t a n t s  of t h e  comDlete s o l u t i o n  t o  t h e  E-J  equat ion can be de f ined  

For example, t h e  energy and angular  momentum 

and t h e  only remaining problem w i l l  be  t h e  i n t e g r a t i o n  of a P f a f f  di"" 1 I eren-  

t i a l  equat ion  which d e f i n e s  t h e  gene ra t ing  func t ion .  

The arguments given above can be  implemented by performing t h e  s imple 

canon ica l  t r ans fo rma t ion  r e s u l t i n g  from t h e  fo l lowing  s p e c i f i c a t i o n  of new 

momenta 

- PI = u 9  P 2 = v '  P 3 - h 3 a  P4 = x4 

From Example (2.31,  t h e  new coord ina te s  a r e  

(3 .24)  

( 3 . 2 5 )  

Since t ime i s  no t  involved i n  t h e  t r ans fo rma t ion ,  t h e  new Hamil tonian,  

i s  fourrd by d i r e c t  s u b s t i t u t i o n  

HA .) 



0 = - . q p ; / q 3  - k/s2,) f q2P1P2k3 f PIP3 f P 2 P 4 k 3  

, is - as The H - J  equa t ion  for H' , wi th  p = - 
0 i aqi 
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(3.26)  

(3.27) 

S ince  t and q each appear  only  once i n  Equat ion (3.27)  and only  i n  t h e  

form o f  a p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  t o  S , it is  reasonable  t o  as- 

sume a p a r t i a l  s e p a r a t i o n  o f  v a r i a b l e s ,  i . e . ,  

4 

By s u b s t i t u t i n g  Equat ion (3.28)  i n t o  Equat ion (3.27)  and u s i n g  independence 

arguments,  t h e  fo l lowing  expres s ions  are obta ined  

(3.29) 

where a and a are c o n s t a n t s .  Thus,  1 2 

s = a t + a q f St"(ql, q 2 ,  q3> , (3 .30)  
1 2 4  

and t h e  H - J  equa t ion  i s  reduced t o  an  equat ion  invo lv ing  only t h r e e  inde-  

pendent v a r i a b l e s .  

For a complete s o l u t i o n  of  Equat ion (3 .271 ,  two more c o n s t a n t s  must 

A s  p rev ious ly  mentioned, knowledge of t h e  two-body problem can be  obta ined .  

be used t o  de f ine  t h e  o t h e r  two, ; .e . ,  t h e  energy and angular  momentum o f  

t h e  o r b i t .  However, for some problems t h e  knowledge of i n t e g r a l s  may n o t  

be known beforehand. Thus, t h e  fo l lowing  procedure may be used t o  a t tempt  
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t o  f i n d  t h e  remaining unknown c o n s t a n t s .  ( I n  Chapter 4 such a s i t u a t i o n  

occurs .  1 

Consider t h e  c h a r a c t e r i s t i c  sys t em4l fo r  t h e  H-J equa t ion ,  and i n  

dP 2 and - (where -r is  an a r b i t r a r y  parameter)  p a r t i c u l a r ,  - dq3 
d-r d-r 

These equa t ions  can be combined t o  g ive  

which i n t e g r a t e s  t o  g ive  t h e  angular  momentum i n t e g r a l  

a = 43P2 e (3.31) 3 

To o b t a i n  t h e  energy i n t e g r a l ,  Equation (3 .31)  is used a long  wi th  t h e  

d p l  . and - , i . e a 9  c h a r a c t e r i s t i c  equat ions  for - dq3 
d.r d-r 

These equa t ions  can be combined t o  give 

which i n t e g r a t e s  t o  g ive  t h e  energy i n t e g r a l  
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a = - p i  - a2/q2  -t 2k/q3 , 
4 3 3  

where a is  t aken  t o  be  t h e  nega t ive  o f  energy for  convenience. 4 

Thus, t h e  f o u r  c o n s t a n t s  r e q u i r e d  f o r  t h e  complete s o l u t i o n  are 
e 

def ined .  

e r a t i n g  f u n c t i o n  o f  Equation (3 .30) .  

t h e  fo l lowing  i n t e g r a b l e  Pfaf f  d i f f e r e n t i a l  equa t ion  

The only  remaining problem is t o  i n c o r p o r a t e  them i n t o  t h e  gen- 

Th i s  can be  e f f e c t e d  by cons ide r ing  

where 

(3.33) 

(3.34) 

(3.35) 

- \ 2 -  4 - ? 2 - - 2  F.- -,.?....+;+..+:T- F,.7,?+;n?,m 1 . 2  . 4 , i l  
V I  

- - . . - - - 
- . 3  i .. "" l -  
-,.-- ..._-- I aq3 -I= '2' '3' 

a sZ 
(3.35) i n t o  Equation ( 3 . 2 7 ) ;  t h a t  i s ,  - is  de f ined  by s a t i s f a c t i o n  of t h e  

H-J  equa t ion .  

Sg; 

a93 
S ince  Equations (3 .34)  and (3.35) only  depend upon q3 , t h e n  

is  n e c e s s a r i l y  o f  t h e  form 

sg; = p ( q  1s f p2(q3)q2 -t S ' ( q 3 )  3 (3 .36)  
1 3 1  

a s t': as$: - and - would depend on v a r i a b l e s  o t h e r  t h a n  93 , Q2 f o r  o the rwise  

which i s  c o n t r a d i c t o r y  t o  t h e  f u n c t i o n a l  form of Equations (3 .34)  and (3 .35) .  

(See pp. 67-68 o f  Reference 36 f o r  a more thorough d i scuss ion  o f  t h i s  p r o p e r t y . )  

Note t h a t  Equation (3 .34 )  invo lves  a f s i g n .  Th i s  corresponds t o  

t h e  r a d i u s  i n c r e a s i n g  from p e r i g e e  t o  apogee ( p  Z 6 2 0 )  and dec reas ing  from 

apogee t o  p e r i g e e  ( p  z 5 5 9).  

1 

1 
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as$: 
To determine S ' ( q 3 )  of  Equation (3.361,consider  7 as def ined  

u93 
by t h e  H - J  equa t ion .  Since n e i t h e r  91 nor  92 can appear  i? S '  , then  

m 

(3 .37)  

2s;: as:'; 
where (-)I is t h a t  p o r t i o n  of - which does no t  con ta in  93 or 949 

a93 a93 
I n t e g r a t i o n  of Equation (3.37)  y i e l d s  

(3.38) 

The e v a l u a t i o n  of  t h e  i n d e f i n i t e  i n t e g r a l  of Equation (3 .37)  involves  an 

assumDtion about t h e  s im of a,. ( t h e  nega t ive  of t h e  energy)  and a,i > 0 

( t h e  e l l i p t i c  case )  was assumed f o r  t h e  r e s u l t  of Equation (3 .38) .  By as- 

suming a < 0 and then  i n t e g r a t i n g  Equation (3 .37 ) ,  t h e  hype rbo l i c  case  

is def ined .  

should be formed be fo re  s e t t i n g  01 = 0 . Otherwise,  B E 0 would be ob- 

t a i n e d  and t h i s  g ives  no informat ion .  

p a r a 3 o l i c  s o l u t i o n s  are determined for t h e  formula t ion  of Sec t ion  (3 .3 ) .  

4 

To form t h e  p a r a b o l i c  case  (a4 = 01, t h e  B 4  = - as express ion  
aa4 

4 4 

I n  Sec t ion  3 . 4 ,  t h e  hype rbo l i c  and 

Cons idera t ion  of Equat ions (3.301, (3 .36 ) ,  and (3.38) g ives  t h e  gen- 

e r a t i n g  f u n c t i o n  for t h e  base s o l u t i o n  

By Jacobi's Theorem, t h e  1-emaining canonic  c o n s t a n t s  of t h e  motion are 



obta ined  by d i f f e r e n t i a t i n g  t h e  gene ra t ing  f u n c t i o n  wi th  r e s p e c t  t o  each 

. 
{p ,  q )  , by Equat ions (3.24) and (3.25), Lhe complete s e t  of ca- 

After e l i m i n a t i n g  t h e  in t e rmed ia t e  v a r i -  - as - -  
’i I aai of t h e  a ‘ s  i . e . ,  i 

ables, 

non ic  c o n s t a n t s  for t h e  coast-arc are: 

a 1 
= -A1(v2/r - k/r2) + h2uv/r - h3u - ‘h4v/ r  

a = x4 2 

-1 
* [2acru(k2 - a 4 a g ) ]  . 

The set  { a ,  8 )  r e p r e s e n t s  t h e  closed-form s o l u t i o n  t o  t h e  coas t - a rc  

B } d e f i n e s  t h e  Keplerian o r b i t  and problem. The subset {a3, a4) B,, 2 

t h e  subse t  

p l i e r s  on a coas t - a rc .  However, Equarions (3.40) possess two s i n g u l a r i t i e s :  

{al, a2 ,  P,, @,3 d e f i n e s  t h e  so1u”iion f o r  t h e  Lagrange mul t i -  

f u = 0 and zero-energy ( i * e *  ~ a = 0) .  Thus, t h e  class of miss ions  t o  
4 
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which t h e  set  {a, B }  is a p p l i c a b l e  is  somewhat r e s t r i c t e d  ( i o e . ,  i n s t an -  

taneous e l l i p t i c a l  cond i t ions  wi th  r e i t h e r  p o s i t i v e  o r  nega t ive  for t h e  

e n t i r e  t r a j e c t o r y ) .  I n  Sec t ion  3 . 3 ,  t h e .  $ = 0 -and k sign r e s t r i c t i o n s  

a r e  overcome. 

The a l g e b r a i c  inve r s ion  of  Equat ions (3 .40 )$  whicn  i s  necessary  t o  

de f ine  

a form of Kep le r ' s  equat ion .  

{x(a ,  5 ,  t ) ,  X ( a ,  8 ,  t ) )  , is no t  p o s s i b l e  s i n c e  t h e  B -equat ion is 

However, t h e  canon ica l  p e r t u r b a t i o n  equat ions  

1 

due t o  t h r u s t ,  for t h e  a.'s and B.'s can s t i l l  be determined by app l i ca -  
1 1 

t i o n  of t h e  i m p l i c i t  f u n c t i o n  theorem '.. 
an i m p l i c i t  r e l a t i o n s h i p  

That i s ,  t h e  f3 -equat ion de f ines  1 

The canonic  p e r t u r b a t i o n  equa t ions  are given by 

( i  = I, ..., 4) (3.41) 

(j. = 1,. . ,4) can be obtained by a +  2 
aa , Wi wkic:rc t h e  p a r t i a l  de r ivs t i . ves  - 

i 
solving t h e  equat ions  
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I I 

w i t h  

+ f t - B1 -I- r u / a  s i n - l [ ( k  - a4r) (k2 - a a2)-'] 4 3  

and 

S ince  t h e  r igh t -hand s i d e s  of Equat ions (3.41)  are f u n c t i o n s  of r 

and n a t  t , a p p l i c a t i o n  of t h e  cha in  r u l e  t o  t h e  left-hand s i d e s  of Equa- 

-:-*- I Q  1 1 1  : m - v r a c ,  t h n  tni i n w 1 n c  T ~ ~ I I ~ ~  
Y 

- _  

(i = I, ..., 4) 

which only  invo lve  a i ' s  Bits , and r . 
1 

3 . 3  A Ease Solu t ion  i n  Poincare  Var i ab le s  

(3.42) 

A s  p rev ious ly  no ted ,  t h e  s o l u t i o n  of Sec t ion(3 .2)suf fer . s  from a numbzr 

of d e f e c t s .  Attempts were made t o  remove t h e  c i r c u l a r  s i n g u l a r i t y  by perforx- 

i n g  a canon ica l  t r ans fo rma t ion  from t h e  (a, 13) - set, def ined  by Equat ions 

( 3 . 4 0 ) ,  t o  some new nons ingular  s e t  of  v a r i a b l e s .  These attempts were cum be^- 

some, and eveil i f  they  had succeeded,  t h e  ambiguity of  t h e  5 s i g n s  would 
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s t i l l  be p r e s e n t  i n  t h e  problem. Thus, a d i f f e r e n t  method of a t t a c k  was 

used t o  remove t h e  above mentioned d i f f i c u l t i e s .  The new method desc r ibed  

below has t h e  a d d i t i o n a l  advantage o f  posses s ing  a sepa rab le  H-J equat ion .  

Consider t h e  Hamiltonian of Equation (3.2f’). Since a change o f  i n -  

dependent v a r i a b l e  w i l l  be  performed l a t e r ,  Equation (3.22)  w i l l  be modified 

t o  inc lude  t i m e ,  t , as a coord ina te ,  i . e . ,  

H = [A,(v2/r - k / r 2 )  - A2uv/r + X3u t A4v/r + X - 1 1  5 
(3.43)  

where A5 is t h e  Lagrange m u l t i p l i e r  o f  t h e  t = 1 equat ion.  

I n  Reference 31,  a se t  of o r b i t a l  parameters ,  denoted by {X, A )  , 

similar t o  t h e  classic Poincare  v a r i a b l e s 3  is  developed. For e l l i p t i c a l  

missions t h e s e  v a r i a b l e s  are r e l a t e d  t o  t h e  c lass ical  Kepler ian parameters  

1 
h = [ a ( l  - e2)/k] / ’  

q = e cos w 
(3 .44)  

s = e s i n  w 

e = e ,  

w’r .>re  a i s  t h e  semi-major a x i s ,  e is  t h e  e c c e n t r i c i t y ,  and w is  t h e  

argument o f  p e r i h e l i o n  of t h e  base  o r b i t .  For t h e  case o f  c i r c u l a r  condi- 

t i o n s ,  w i s  t aken  t o  be 6 . For convenience,  t h e  parameters  de f ined  i n  

Equat ions (3.44)  w i l l  be  c a l l e d  Poincare  v a r i a b l e s  because of t h e i r  c l o s e  

r e l a t i o n  wi th  t h e  c lass ic  Poincare  v a r i a b l e s .  

0 
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The coord ina te  t r ans fo rma t ions  between t h e  p o l a r  coord ina te s  and t h e  

Poincare  v a r i a b l e s  are 

and, 

u = ( q  s i n  9 - s cos B)/h 

v = y/h 

M 

r = h2k/y 

e = e  

h = rv/k q = (rv2/k - 1 ) c o s  0 t ( r u v / k ) s i n  0 

0 = 6  s = ( rv2 /k  - 1 ) s i n  8 - (ruv/k)cos 0 , 

where 

(3.45) 

(3.46) 

y 5 l t q c o s 0 t s s i n 0 .  (3.47) 

*I/-, - 1 ' A I - -  --.--.&-.--- ,.c -++ihn - . -  . -. 
- 2- -- b e L  A = 111,  y, 3) b ,  C J  UI~U a~ - A \ a * ,  -, -- _ _ - _  

i n  t h e  Poincare  sys t em, fo r  a v e h i c l e  which satisfies t h e  same assumptions as 

t h e  a n a l y s i s  of Sec t ion  3.2. 

Poincare  systems are 

The gene ra l i zed  Hamiltonians i n  t h e  p o l a r  and 

5 - 4 :'t 
H = C h.f.(x, a> , K =. i-1 L: A.F.(X, 1 1 a) t A5 , (3.48) i=l 1 1 

$2 ;'e 
A5  is w r i t t e n  i n s t e a d  of A s i n c e  h5 is an in t e rmed ia t e  v a r i a b l e .  5 where 

The equa t ions  of motion i n  t h e  Poincare  system need never b e  developed be- 

cause of t h e  properties o f  t h e  two systems de f ined  by t h e  Hamiltonians 

of Equat ion (3 .45) .  That i s ,  s i n c e  h , q , and s a re  c o n s t a n t s  of t h e  

motion for t h e  lbplci-  problem, t h e  r igh t -hand s i d e s  05 t h e i r  d i f f e r e n t i a l  

equa t ions  rr,ust be m i l t i p l i e d  by t h r u s t .  Thus ,  t h e i r  conjugate  m u l t i p l i e r s  

cannot appear  i n  t h e  c o a s t - a r c  Hamiltonian, so  
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(3.49)  

where b = v/r = y2 / (h3k)  

The t h r u s t i n g  p o r t i o n  of t h e  Hamiltonian, s a y  

by Equations (3 .18)  and (3 .45) .  
- 
K1 ,can be obta ined  by 

s u b s t i t u t i n g  for X,(X, A )  and X,(X, A )  i n  t h e  t h r u s t  p o r t i o n  of Equa- 

t i o n  (3 .43 ) .  Th i s  r e q u i r e s  t h e  t r ans fo rma t ion  between t h e  two sets of 

m u l t i p l i e r s  (which must be der ived  anyway), and t h i s  t r ans fo rma t ion  is 

def ined  by t h e  fo l lowing  development. 

. Since  t h e  Hamiltonians i n  t h e  two systems ( s e e  Equation (3 .48 ) )  are 

i n  t h e  form r e q u i r e d  by t h e  hypothes is  of Theorem (2.31, t h e  Lagrange 

---1.1-:-1 :.n- +n=lncfnrm;l.tinn is def ined by 
c-- ...-- -- 

5 a + .  
= E X 3  (i = 1, ..., 5) (3.50) 'i j = l  j axi ' 

where x = $(XI i s  t h e  coord ina te  t r ans fo rma t ion  def ined  by Equat ions (3.45) .  

I n  expanded form, Equat ions (3 .50)  are 

A, = 

A2 = 

- A  ( q  s i n  8 - s COS S) /h2 - A2y/h2 + 2Aghk/y 

(X1sin B)/h + (X2cos 0 ) / h  - (A3h2k cos 0)/y2 

1 

.A3 = -(X1cos O)/h -I- (X2sin O)/h - (A3h2k s i n  O)/y2 (3.51) 

A Q  

A -  = 

= ' X,(y - l ) / h  + (A2/i i  - X,h2k/r2) ( s  COS 8 - q s i n  8 )  + X q  

3. , '. 
X5 5 

The i n v e r s e  t ransformat ion  i s  
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' =  A h  s i n  8 - A h  cos  8 
x1 2 3 

Therefore ,  making u s e  of Equat ions (3.431, ( 3 . 4 9 1 ,  and ( 3 . 5 2 1 ,  t h e  

t o t a l  Hamiltonian i n  Poincare  v a r i a b l e s  is  

R T 
m 

h4y2/(h3k) -+ A: + h - (A2  -t B2)' (3.53) 

where 

(3 .54)  
B f A s i n 8 - A c o s 8 .  

2 3 

Recall from S e c t i o n  (3 .2)  t h e  i m p l i c i t  r e l a t i o n s h i p  d i f f i c u l t i e s  i n  

forming { ~ ( a ,  B ,  t), A ( & ,  B ,  t ) )  . Not only  was t h i s  i n v e r s i o n  imposs ib le ,  

bu-t. a l s o  t h e  r e s u l t i n g  p e r t u r b a t i o n  e q u a t i o n s ,  Equat ions (3.421, l o s t  t h e i r  

Hamiltonian form. Both of  t h e s e  d i f f i c u l t i e s  are a consequence of t i m e ,  t , 

be ing  chosen as t h e  independent v a r i a b l e .  S ince  t h e  s o l u t i o n  o f  t h i s  s e c t i o n  

i s  t o  b e  used i n  a n a l y t i c  p e r t u r b a t i o n  ana lyses  o f  t h e  opt imal  t r a j e c t o r y  

problem, p r e s e r v a t i o n  of t h e  Hamiltonian form i s  e s s e n t i a l .  

independent v a r i a b l e  w i l l  be changed Erom time, t , t o  t h e  p o l a r  angle, 0 .  

The re fo re ,  t h e  

I n  Sec t ion  ( 2 . 1 ) ,  a method f o r  changing t h e  independent v a r i a b l e  i n  

a conse rva t ive  Hamiltonian s y s t e n  was g iven .  

Hamiltonian of Equat ion (3.53)  sa t isf ies  - th i s  c r i t e r i a ,  i . e . ,  

The system de f ined  by t h e  
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(3.55) 

so l e t  
* 

KilC E (h3k/y2)  [? - c ]  . 

Then, u s i n g  Equat ions (3.53) and (3.56)  

.*a -1. 

K" . =  A 4  t (Ai - c )  (h3k/y2)  t 2 (h4k/y2)  ( A 2  t B2)' . m 

(3 .56)  

(3.57) 

Before developing t h e  coas t - a rc  s o l u t i o n ,  an important  p o i n t  about 

t h e  development of  Equat ions (3.551, (3.561, and (3.57) must be made. Note 

t h a t  c i s  t h e  numerical  va lue  of t h e  t o t a l  Hamiltonian K . This  fact  be- 

comes important  when an a t tempt  i s  made t o '  a t t a c h  p h y s i c a l  s i g n i f i c a n c e  t o  

problems def ined  by a p o r t i o n  of t h e  t o t a l  Hamiltonian of Equation (3 .57 ) .  

example, cons ide r  t h e  Hamiltonian f o r  t h e  coast-arc problem wi th  time as t h e  

independent v a r i a b l e :  

I 

For 

K I '  = A,y2/(h3k) f ii 
0 

(3.58) 

Appl ica t ion  of t h e  change of independent v a r i a b l e  proper ty  of Sec t ion  ( 2 . 1 )  

r e q u i r e s  

.*. ,* -1. ,, 
= (h3k/y2)  [ko - c ] , (3.59) 

KO 

-1. I I .  

where k (X, A )  E c and C f c , i n  gene ra l .  Then, a f t e r  s u b s t i t u t -  

ir ,gEquation (3.58) i n t o  Equation (3 .59)  

0 



Equation ( 3 . 5 9 ) ’ i s  t h e  Hamiltonian f o r  t h e  c o a s t - a r c  problem wi th  

t h e  independent  v a r i a b l e .  iiowever, n o t e  t h a t  i f  T = 0 i n  Equat ion (3 .57) ,  

then t h e  r e s u l t a n t  sub-Hamiltonian r e p r e s e n t s  t h e  coas t - a rc  problem only  i , C  

c = cf: . Thus, when apply ing  t h e  s o l u t i o n  developed below t o  t h e  coas t - a rc  

problem, t h e  va lue  o f  t h e  c o n s t a n t ,  c , must be  e q u a l  t o  ~ $ 2  , which i s  

e a s i l y  determined by e v a l u a t i n g  i(a 

Other approximations ( e . g . ,  c i r c u m f e r e n t i a l  t h r u s t )  r e q u i r e  a similar 

a n a l y s i s .  

0 as 

YT- 

a t  t h e  i n i t i a l  i n s t a n t  of t h e  coas t - a rc .  
0 

A s imple  c a n o n i c a l  t r ans fo rma t ion  can be used t o  form a new Hamiltonian 

system which does n o t  depend on t h e  cons t an t .  Thus, cons ider  

h = h ¶  9 = q . ,  S = S ,  e = e ,  t = t  
(3.60) 

x = A . .  A , = h , ,  h , = h , ,  A , , = A , , ,  x , = x p c .  
I L L L ” Y 

Equat ions (3.60) r e p r e s e n t  a canon ica l  t r ans fo rma t ion  s i n c e  t h e  a d d i t i o n  of 

cons t an t s  t o  t h e  canon ica l  v a r i a b l e s  does not  affect t h e  Hamiltonian form. 

It must be  s t r e s s e d  a g a i n ,  though, t h a t  t h e  va lue  a s s igned  t o  c depends upon 

t h e  p h y s i c a l  i n t e r p r e t a t i o n  g iven  t o  a sub-Hamiltonian of Equat ion (3.57 1. 

Upon a p p l i c a t i o n  of t h e  t r ans fo rma t ion  of  Equat ions (3.601, t h e  t o t a l  

- Hamiltonian becomes 

(3.61)  
T 

1- - m Ch4k/y2> ( A 2  + B2)’ . 

( 3 . 6 2 )  
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Since  t h e  s o l u t i o n  of t h e  H - J  equa t ion  for t h e  Hamiltonian of 

Equation (3.62) is t o  be used as a base  s o l u t i o n  i n  canonica l  p e r t u r b a t i o n  

ana lyses ,  it w i l l  be  more convenient  t o  cons ide r  t h e  s o l u t i o n  of t h e  modi- 

f i e d  H - J  equa t ion  

(3.63) 

The only  d i f f e r e n c e  between t h e  s o l u t i o n  of Equation (3.63) and t h e  equat ion  

(3.64)  as 
ae o - - + K  = 0 

is t h a t :  (i) t h e  s o l u t i o n  of Equation (3.63) (which does not  con ta in  t h e  

indeDendent v a r i a b l e ,  6 )  w i l l  con ta in  n ine  canonic  cons t an t s  and a nonzero 

Hamiltonian remainder ,  01 

maining canonic  c o n s t a n t ;  whereas ( i i )  t h e  s o l u t i o n  of Equation (3.64) 

con ta ins  t h e  independent v a r i a b l e  6 , which is  n o t  d e s i r a b l e  for f u t u r e  

p e r t u r b a t i o n  s t u d i e s .  

, which involves  a s imple quadra ture  f o r  t h e  re- 1 

Before a t t a c k i n g  Equation (3 .63 ) ,  a s imple canonica l  t r ans fo rma t ion ,  

w h i c h  takes advantage of t h e  fact  that  n e i t h e r  A, A2 , nor  A3 appear  

e x p l i c i t l y  i n  t h e  Hamiltonian, w i l l  be  performed. 

def ined  t o  be 

The new momenta are 

(3.65) 
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Equation (3.63)  can then  be w r i t t e n  as  

. s i n  q 1-2 =* a1 , 
as 

s4, 
cos q + - as [l -I. - - - t k ( - )  - 3s as 3 as 

aq4 . as, 895 a92 4 Q3 

which can b e  so lved  by s e p a r a t i o n  of v a r i a b l e s .  That i s ,  assume 

(3.67)  

(3.68) 

Then, af ter  s u b s t i t u t i n g  Equat ion (3.68)  i n t o  Equat ion (3 .67)  and apply ing  

t h e  u s u a l  s e p a r a t i o n  of variables independence arguments,  t h e  fo l lowing  

cons t an t  r e l a t i o n s  are formed 

Thus, 

as - = a (=s) as, 4 
" 

(3.70) 

The i n d e f h i t e  i n t e g r a l  of Eqxat ion (3.70)  can b e  eva lua ted  by making t h e  

s u b s t i t u t i o n  z 5 t a n  - , - w i t h  t h e  r e s u l t  
94 
2 

J' y-2dq4 = [ ( a i  .t a2 - a i s i n  q + c1 (1 + cos q4)1 

+ 2 (1 - a2 - a;, ' [ y ( l  - c L 3 )  (1 - a; - a;,] 

4 3 4 4 

-1 - 3 / 2  
3 

-5 - a3) tan(q4/2)  + c4 ]  (1 - a2 - a:) '1 . t an-1  {[(I 3 

(3.71)  
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The e v a l u a t i o n  of Equation (3.71)  r e q u i r e s  

i s  only  v a l i d  for c i r cu la r  and e l l i p t i c a l  c o n d i t i o n s .  

(1 - e 2 )  > 0 , s o  t h e  r e s u l t  

I n  Sec t ion  (3.L;), t h e  

hype rbo l i c  and p a r a b o l i c  cases  are d iscussed .  6 

The se t  

h a l f  of t h e  c o n s t a n t s  

{a1, ...,a } , def ined  by Equat ions (3 .67)  and ( 3 . 6 9 ) ,  g i v e s  5 

of t h e  motion f o r  t h e  c o a s t - a r c  problem. Four of 

t h e  f i v e  remaining c o n s t a n t s  can be formed by apply ing  J a c o b i ‘ s  Theorem, i . e . ,  

8 .  2 - as . Then, t h e  remaining c o n s t a n t s  are de f ined  by t h e  B2 9 B3 > 
. aa: 

I 

8, , and 8, equa t ions  and a quadra tu re  invo lv ing  t h e  B1 equa t ion  wi th  

- . 6a2a k Y2(1 - a2 - at) - 3/2 
2 5  3 .  

+ 6a3(1 - a2 3 - a2)-5/2 Y 2 ‘ +  Yt[(a2 3 + a i  - a 3 ) s i n  q 4 
(3.72)  

- - a3k {Y,f(a; i- a2 - a ) s i n  q i- o (1 +- cos q 4 ) J  85 - 95 2 4 3 4 4 

where 



6 0  

Equations (3 .63 ) ,  (3 .69 ) ,  and (3.72) a r e  e a s i l y  i n v e r t e d  t o  g ive  { q ( a ,  6 1 ,  

p ( a ,  6 ) )  , and t h i s  r e p r e s e n t s  t h e  s o l u t i o n  t o  t h e  coas t - a rc  problem. 

. T. e Bi - r e l a t i o n s h i p s  of Equation (3.72) are somewhat more complicated 

than  the  Tparable  r e l a t i o n s  of Equations (3 .40) .  However, t hey  possess  

only  t h e  zero-energy s i n g u l a r i t y  ( i . e . ,  1 - a2 - a2 - = 0 a t  zero-energy) and 

they  do n o t  conta in  t h e  k s i g n  ambiguity.  Furthermore,  s i n c e  a = e cos w 

and a = e sin w , t h e  express ions  are e s p e c i a l l y  u s e f u l  f o r  n e a r - c i r c u l a r  

cond i t ions  i f  they  are expanded about 

t r i c i t y .  With t h e  z e r o - e c c e n t r i c i t y  assumption, Equat ions (3.72) become 

3 4  

3 

4 

(a3 = 0 , a = 01, i . e . ,  zero-eccen- 4 

- B2 - q1 - 3a2a k q4 2 5  

4 f i 3  = q + 2a3a k s i n  q 2 2 5  
(3.74) 

- - 2a3a k(l t COS q4> 
[34 - 9.3 2 5  

I n  Chapter 4 ,  Equat ions (3.74)  prove t o  be u s e f u l  i n  ana lyz ing  t h e  cir- 

cumferent ia l  t h r u s t  problem. 

y2 An inconvenient  q u a l i t y  of Equations (3.72) is t h e  occurrence of 

‘l’ht is ,  when a multircvolution trajectory is considcrct l ,  one must “lccep 

‘ of t h e  a rc t angen t  func t ion .  However, s ince a and a are l e s s  3 4 
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t han  one for e l l i p t i c a l  t r a j e c t o r i e s ,  

about ( a3  = 0 a4 = 0). This  expansion is r a p i d l y  conve rgen t . fo r  near -  

c i r c u l a r  miss ions  and t h e  troublesome bookkeeping &ask  is  avoided. 

Y2 , t o  second o rde r  i n  e c c e n t r i c i t y ,  i s  

Y 2  
can be expanded i n  a Taylor  s e r i e s  

The expansion fo r  

- 1  
y2 - 2 [q4 - a s i n  q + a (1 + cos q 4 ) ’ +  3 4 4 

1 + 01 a s i n z q  + - (a: - a’lsin q cos  q41. 3 4  4 2  4 4 

(3.75)  

Equation (3.75) is  extremely u s e f u l  i n  t h e  s tudy  of mul t i r evo lu t ion  opt imal  

low-thrust  t r a j e c t o r i e s .  For example, on a r e p r e s e n t a t i v e  opt imal  escape 

t r a j e c t o r y  wi th  c i r c u l a r  i n i t i a l  cond i t ions  (F/W = 5 x 1 0  I) 70.5 revolu-  

t i o n s ,  and t r a v e l  t i m e  1 1 .28  m i l l i o n  seconds) ,  t h e  approximation of Equation 

f =  7 ~ ’  7 +  In=-+ c i u  i l ia is  .=~ccii~acv for t h e  first 85% of t h e  t r a j e c t o r y ,  

and a t  l e a s t  t h r e e  d i g i t s  for t h e  remainder of t h e  t r a j e c t o r y .  

-4 
0 

- I - - - -  . - - .  - 

(On r ep re -  

s e n t a t i v e  m u l t i r e v o l u t i o n  c i rcular  o r b i t  t r a n s f e r s ,  t h e  approximation he ld  

s i x  d i g i t s  f o r  t h e  e n t i r e  t r a j e c t o r y . )  The reason  for t h i s  convergence 

behavior  is i n d i c a t e d  by Figures  2 and 3. That i s ,  for t h e  major i n i t i a l  

p o r t i o n  of both  classes of t r z j e c t o r i e s ,  t h e  e c c e n t r i c i t y  is less than  0.0:. 

Thus, Figure 3, which r e p r e s e n t s  a r e l a t i v e l y  small range a n g l e ,  shows t h a t  

t h e  approximation ho lds  s i x  d i g i t s  because of t h e  sml l  e c c e n t r i c i t y .  By 

t h e  time e > 0.01 , t h e  range angle  has  reached a r e l a t i v e l y  l a r g e  

ang le .  

shows t h a t  t h e  approximation s t i l l  ho lds  s i x  d i g i t s  s i n c e  t h e  i n c r e a s e  i n  

Thus, Figure 4 ,  which r e p r e s e n t s  a r e l a t i v e l y  l a r g e  range a n g l e ,  

e c c e n t r i c i t y  i s  compensated f o r  by t h e  l a r g e  range angle. However, with 

r e s p e c t  t o  t h e  f i n a l  p o r t i o n  of t h e  escape t r a j e c t o r y ,  t h e  expansion t e n d s  

t~ become i n v a l i d  as q2 -t s2 = e* -f- 1 ( t h e  escape c o n d i t i o n ) .  
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3 . 4  The Hyperbol ic  and Pa rabo l i c  Coast-Arc S o l u t i o n s  

I n  t h i s  s e c t i o n  1) t h e  g e n e r a t i n g  f u n c t i o n s  for t h e  hyperb.olic and 

p a r a b o l i c  coas t - a rc s  are developed. The t o t a l  s o l u t i o n ,  f o r  each of t h e s e  

cases, can be formed e a s i l y  then  by e v a l u a t i n g  t h e  p a r t i a l  d e r i v a t i v e s  of 

t h e  g e n e r a t i n g  func t ion  wi th  r e s p e c t  t o  each of t h e  a ' s  .. The same se t  

of a ' s  is v a l i d  f o r  each of  t h r e e  cases. Only t h e  $ ' s  change. 

. i  

i i 
The e v a l u a t i o n  of Equat ion (3.71)  r e q u i r e d  ( 1  - e 2 )  > 0 . The eva l -  

u a t i o n s  where ( 1  - e2>  = 0 ( p a r a b o l i c )  and ( 1  - e 2 )  < 0 ' (hype rbo l i c )  

w i l l  now be developed. After apply ing  t h e  s u b s t i t u t i o n  z f t a n  q /2 and 

performing a sequence o f  t r i g o n o m e t r i c  manipula t ions ,  t h e  i n t e g r a l  can be 

4 

expressed  as 

y12da. = 2 ' f  i (az2 + bz t c)-2dz + z2(az2  + bz + c > - ~ ~ z ] ,  (3 .76)  - 

b 5 2a4 , a n d .  c E 1 + 01 The t h r e e  cases are 
3 ¶  . 3 .  where a E 1 - a 

def ined  by t h e  d i s c r i m i n a n t  

F i r s t ,  ' the  p a r a b o l i c  case w i l l  be  cons idered .  I n  t h i s  case, 

b2 - 4ac = 0 , so 
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Tht 1 ,  t h e  component i n t e g r a l s  of Equat ion (3.76)  can be r e a d i l y  determined, 

anu s u b s t i t u t i o n  of t h e s e  r e s u l t s  i n t o  Equation (3.70)  g ives  

I 

S a291 + a392 + "493 + a595 + '194 P 
94 -2 94 2 a3a k [a4 + ( 1  - a ) t a n  -1 

+ ( 1  - a g ) t a n  TI [I - a3 + a2/(1 - a , ) ] )  + 3 [a4 4 

+ { t a n  - 2 5  3 2 2 
94 -1 

(3 .77)  

3s 

aa 

F i n a l l y ,  t h e  hyperbol ic  case w i l l  be  cons idered .  

The S ~ I  .da, B E 2) def ines  t h e  p a r a b o l i c  s o l u t i o n .  

With b2 - 43c > 0 ,  

t h e  component i n t e g r a l s  of Equation (3.76)  are e a s i l y  determined by r e f e r e n c e  

t o  a s t a n d a r d  t a b l e s  of  i n t e g r a l s .  S u b s t i t u t i o n  of t h e s e  eva lua t ions  i n  Equa- 

t i o n  (3.70)  g ives  t h e  hype rbo l i c  gene ra t ing  func t ion  

Note t h a t  t h e  e s s e n t i a l  d i f f e rence  between t h e  e l l i p t i c  and hype rbo l i c  so lu -  

t i o n s  i s  t h e  occurrence of t h e  a rc t angen t  and archyperbol ic tangent  f u n c t i o n s ,  

r e s p e c t i v e l y .  Th i s  analogy could  p o s s i b l y  be used t o  d e f i n e  a se t  of univer -  

s a .  v a r i a b l e s  f o r  t h e  problem. 

3.5 P e r t u r b a t i o n  Attempts for Feedback Guidance Funct ions 

The s o l u t i o n  of Sec t ion  (3 .3 )  reduces t h e  o r i g i n a l  Hamiltonian (Equa- 

t i o n  (3 .61 ) )  t o  
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(3.79) 

c* 

where t h e  e x p l i c i t  forms of t h e  unspec i f i ed  func t ions  (Of a ' s  and Bi's) 

are given by Equat ions (3.54),  (3.69),  and (3.72). The i d e a l  second s t e p  

i 

i n  t h e  process  would be t h e  formation of an approximation t o  t h e  Hamiltonian 

system def ined  by Equation (3.79) which inc ludes  t h e  e f f e c t s  of both 

and B(a, 6 )  . I n  t h e  n e x t  c h a p t e r ,  approximations which inco rpora t e  t h e  A- 

A ( @ ,  $1 

term a r e  p re sen ted .  A s  w i l l  be shown, t h e s e  approximations do n o t  a l low f o r  

feedback guidance since t h e y  d e f i n e  c i r c u m f e r e n t i a l  t h r u s t  s o l u t i o n s .  TO 

o b t a i n  feedback effects, both A and B (or approximations of t h e s e  terms) 

must appear  i n  t h e  Hamiltonian. 

Ana ly t i c  a t t empt s  t o  i n c o r p o r a t e - t h e  5 - t e r n  i n t o  t h e  s o l u t i o n  were 

unsuccessfu l .  S ince  r e s e a r c h  i n  t h i s  a r e a  should be  cont inued ,  some of t h e  

reasons  f o r  f a i l u r e  are p resen ted  he re  f o r  f u t u r e  i n v e s t i g a t o r s .  

F i r s t  of a l l ,  cons ide r  t h e  func t ion .a l  dependence of t h e  A- , B- , and 

K- t erms : 

(3.80) 

aK 
If t h e  canon ica l  p e r t u r b a t i o n  equa t ions  a r e  considered ( i . e e ,  a: = - - 

L asi 
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The term (A2 I- B2)  i s  very complicated and s i n c e  i? 0ccm-s i n  a r6dLcal  

i n  the denominators of t h e  pe r tu rba t ionequa t ions ,  t h e  s i t u a t i 0 n . i ~  compli- 

ca t ed  even f u r t h e r .  Thus, approximations are necessary .  

Before cons ide r ing  approximations of t h e  AL 4 bL T e r m ,  znother  

approximation should be mentioned. For most low-thrust  missions wi-tn 

m = m + r i ( t - t o ) ,  
0 0 

pansion for m(t)  is  a p p l i c a p l e  

and good r e s u l t s  can even be obta ined  by assuming 

The cons t an t  mass assumption r e s u l t s  i n  t h e  vanish ing  of B, from K ( a ,  3 1 ,  

so a becomes a cons t an t  of t h e  motion f o r  t h i s  t o t a l  proLlem approximation. 
. 5  

The opt imal  c o n t r o l  i s  given by 

B t a n  a = - A *  

For many mul t i r evo lu t ion  opt imal  low-thrust  missions wi th  c i r c u l a r  I n i t i a l  

condi . t ions,  t h e  a b s o l u t e  value of t h e  c o n t r o l  ang le  is less  than  45O. Thus, 
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I n  t h i s  ca se ,  

Therefore ,  t o  inco rpora t e  t h e  e f f e c t s  of t h e  B-term, one must cons ide r  a t  

l e a s t  

1 B2 
2 A  /AL C BL A + - -  

But,  even wi th  t h i s  s imple  form t h e  occurrence of A i n  t h e  denominator 

p r e s e n t s  an  effect similar t o  t h e  r a d i c a l  i n  t h e  denominator of Equat ions 

(3.81). 

For example, suppose t h a t  t h e  i n s t an taneous  conditions a r e  always 

7 -.- rnL _ _  
&IF.-* \ - L l r l l l L L . I .  ..---, 

where, r e c a l l i n g  t h a t  B 1 - q 4 =  - 0 > 

- 2B3cos B1 - 2B4sin - a3a k(3B1 + 4s in  8,) = -a2B2 1 2 5  

= -B,sin B + B cos B1 + 2a23a5k(l c cos B1) . BI, =a =* 1 4 
3 4  

The approximate Hamiltonian f o r  t h i s  ca se ,  a long  wi th  t h e  cons t an t  mass 

assumption and y 2 YI, =a =o , is 
3 4  
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T 
1 m  1 K = a + - a:k {-a2B2 - 26 cos B1 - 2B4sin B 

3 
0 

- aia5k(3!3 + 4 s i n  B1) + 1 

+ -  2 [-a2B2 - 28 cos B1 - 2$,+sin 8 - a5a  k(3B1 + k i n  Bl)l J 
3 1 2 5  

The canon ica l  p e r t u r b a t i o n  equat ions  for al, a 2 ,  a 3 i  a4, B2, and B, 
1 
-2 , which is  similar t o  t h e  denominator problem A w i l l  a l l  c o n t a i n  t h e  term 

of Equat ions (3 .81) .  Another inconvenient  p rope r ty  of t h e  Hamiltonian of 

Equation ( 3 . 8 2 )  i s  t h a t  it is  no t  a p e r i o d i c  f u n c t i o n  of B1(i.e.,  8 ) .  

I n  t h e  n e x t  c h a p t e r ,  a s o l u t i o n  of t h e  H - J  equa t ion  fo r  t h e  Hamiltonian 

of Equat ion (3.82)  i s  ob ta ined  f o r  t h e  case B = 0 . It appears  t h a t  

f u t u r e  s t u d i e s  which a t tempt  t o  inco rpora t e  t h e  B - t e r m  i n t o  t h e  a n a l y s i s  w i l l  

have t o  thoroughly i n v e s t i g a t e  t h e  p o s s i b i l i t y  of s impl i fy ing  t h e  - -expression.  1 
A 



CHAPTER 4 

HAMILTONIAN CIRCUMFERENTIAL THRUST ANALYSIS 

* 
I n  1953 , T ~ i e n ~ ~  used asymptot ic  expansions t o  o b t a i n  approximate 

s o l u t i o n s  of  t h e  s t a t e  d i f f e r e n t i a l  equat ions  f o r  a low-thrust  s p i r a l  

t r a j e c t o r y .  

p r e f e r a b l e  t o  a r a d i a l  t h r u s t  program i n  an escape mission.  

t ime,  cons ide rab le  r e s e a r c h  has  been expended on t h e  low-thrust  problem. 

P i t k i ~ ~ ~ ~ ,  i n  1966,  publ i shed  a b ib l iography of  n e a r l y  250 papers  concerned 

wi th  t h e  low- thrus t  t r a j e c t o r y  problem. Many o f  t h e s e  papers  d u p l i c a t e  pre-  

v ious ly  given r e s u l t s ,  and no t  many improve t h e  s o l u t i o n s  obta ined  by Tsien.  

H i s  s o l u t i o n s  showed t h a t  a c i r c u m f e r e n t i a l  t h r u s t  program is 

S ince  t h a t  

The numerical  s t u d i e s  of Irving’‘ , Moecke12’, Melbournez4, and H i n ~ ’ ~  

demonstrate  t h a t  up t o  escape c o n d i t i o n s ,  c i r c u m f e r e n t i a l  and t a n g e n t i a l  

The g e n e r a l  c h a r a c t e r  o f  op t imal  low-thrust  escape t r a j e c t o r i e s ,  wi th  c i r c u -  

lar i n i t i a l  c o n d i t i o n s ,  is t h e  fo l lowing:  t h e  v e h i c l e  s t a y s  very n e a r  c i r -  

c u l a r  cond i t ions  for t h e  major p o r t i o n  of t h e  t r a j e c t o r y  as it ga ins  energy 

by i n c r e a s i n g  t h e  r a d i u s  and dec reas ing  t h e  speed.  

i nc rease  i n  r a d i a l  d i s t a n c e ,  t h e  g r a v i t a t i o n a l  f o r c e  becomes less  dominant 

(with r e s p e c t  t o  t h e  t h r u s t  f o r c e )  and i n  t h e  l a s t  r evo lu t ion  or two, t h e  

v e h i c l e  goes from a n e a r - c i r c u l a r  cond i t ion  t o  t h e  escape condi t ion .  

Then, a f t e r  a cons iderable  

Thus, 

f o r  t h e  major po r t ion  of  t h e  t r a j e c t o r y ,  n e a r - c i r c u l a r  cond i t ions  are  main- 

t a i n e d .  The c h a r a c t e r  of opt imal  c i r c u l a r  o r b i t  t r a n s f e r  t r a j e c t o r i e s  i s  

similar t o  t h e  opt imal  escape i n  t h a t  i t s  ins tan taneous  cond i t ions  a r e  a l s o  

n e a r - c i r c u l a r .  I n  Chapter 7 t h e s e  t r e n d s  a r e  v a l i d a t e d  numer ica l ly .  

6 8  
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The primary o b j e c t i v e  of t h i s  chap te r  is not  t h e  development of a rJei1 

approximate c i r c u m f e r e n t i a l  t h r u s t  s o l u t i o n  (a l though t h i s  i s  accomplished) ,  

b u t  t h e  develo2ment of t h e  corresponding Lagrange m u l t i p l i e r  s o l u t i o n s  and a 

Hamil tonian ' formula t ion  of known r e s u l t s .  A l l  of t h e  previous s o l u t i o n s  a r e  
R 

concerned only  wi th  t h e  s t a t e  v a r i a b l e  s o l u t i o n s  s i n c e ,  i n  a p h y s i c a l  sense, 

t h e  m u l t i p l i e r s  have no meaning when t h e  c o n t r o l  is  s p e c i f i e d .  However, 

from t h e  d i f f e r e n t i a l  equat ion  p o i n t  of view, t h e  c i r c u m f e r e n t i a l  m u l t i p l i e r  

s o l u t i o n s  may approximate t h e  t r u e  opt imal  m u l t i p l i e r s ,  i f  t h e  opt imal  con- 

t r o l  is nea r -c i r cumfe ren t i a l .  Thus, t h e s e  s o l u t i o n s  may be of use i n  an 

open-loop guidance scheme or i n  mission p lanning  s t u d i e s .  

A Hamiltonian formula t ion  is  d e s i r a b l e  for a number of  r easons :  (1) 

once a p o r t i o n  of t h e  problem is so lved ,  t h e  s o l u t i o n  t o  a more g e n e r a l  

problem can be a t t a c k e d  by adding t e r n s  t o  t h e  Hamiltonian f u n c t i o n  i n s t e a d  

classical methods of  Hamiltonian p e r t u r b a t i o n  theo ry  are then  a p p l i c a b l e  

t o  t h e  problem; and ( 3 )  t h e  a n a l y t i c  s o l u t i o n  of  t h e  Hamilton-Jacobi equa- 

t i o n  i s  sometimes c l e a n e r  and e a s i e r  than  t h e  s t r a igh t - fo rward  i n t e g r a t i o n  

of Hamilton's equat ions  f o r  problems wi th  a r e l a t i v e l y  l a r g e  number or' 

v a r i a b l e s  (such as t h e  opt imal  t r a j e c t o r y  problem). 

.4.1 The Hamilton-Jacobi So lu t ion  of Trevious C i rcumfe ren t i a l  T h r u s t  ADDroximatioEs 
- 

A r e p r e s e n t a t i v e  c o l l e c t i o n  of approximate c i r c u m f e r e n t i a l  t h r u s t  so- 

l u t i o n s  a r e  those  of  T ~ i e n ~ ~ ,  Kelbourne2", Pe rk ins30 ,  I - I ind5 ,  and Johnson 

and Stumpf18. 

~ i i t . L l i u t l  l o  L l i c i  j ~ 1 ~ ~ 1 ~ ' I ~ ~ t i i .  A J  I. oC \ . l i t ,  ~ ; r ) l . ~ l  i o i i : :  i i ic i i l  i . o i i c * c l  s i l ~ ( ~ ~ t !  , t : > : : u i i i 1 *  , I  ~ o i i : ; l  a i ~ i l  

low-thrust  a c c e l e r a t i o n  ( i . e . ,  F/m E F/mo) and t h e  s o l u t i o n s  presented  below 

a r e  a l s o  fo r  cons t an t  a c c e l e r a t i o n  s i n c e  t h e  nass-flow r a t e  of a low- thrus t  

Recent ly  Sh i  and E ~ k s t e i n ~ ~  app l i ed  t h e  two-variable  expansion 

engine is very small. 
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The t o t a l  gene ra l i zed  Hamiltonian f o r  a p l a n a r  represenTat ion  of an 

opt imal  cont inuous- thrus t  t r a j e c t o r y  problem is given by Equation (3.61):  

K = '  A4 + h3kA,/y2 + (T/m) (h4k/y2)  J A 2  + B2 . 

If A >> B and m = m -k t (assuming t = 0 1 ,  then  Equation (4 .1 )  can 

be w r i t t e n  as 

0 0 0 

K = A4 + h3kA /y2 + (T/mo) (1 - d t  + 62t2 + ... 1. 
5 

1 
2 9 (h4k/y2)  A i 1  + - ( B / A l 2  + . . . I  , 

where 6 E /m . The expansion for mass is i n  a convenient form f o r  

f u t u r e  It is e a s i l y  v e r i f i e d  

t h a t  t h e  s ta te  d i f f e r e n t i a l  equat ions  for c i r cumceren t i a l  t h r u s t  a r e  given by 

t h e  p a r t i a l  d e r i v a t i v e s ,  wi th  r e s p e c t  t o  t h e  m u l t i p l i e r s ,  o f  t h e  Hamiltonian: 

0 0  

s t u d i e s  which t a k e  v a r i a b l e  mass i n t o  account .  

K = A4 + h3kA5/y2 + (T/m)  (h4k/y2)A ., (4.3) 

i . e . ,  B = 0 ( r e c a l l  s i n  c1 = B ( A ~  + and a E 0 for c i r c u m f e r e n t i a l  

t h r u s t ) .  

The ana lyses  of t h e  i n v e s t i g a t o r s  mentioned above were performed i n  

p o l a r  coord ina te s ,  whereas t h e  Hamiltonian of Equatj-on (4 .3 )  is  i n  Poincare  

v a r i a b l e s .  The Poincare  formula t ion  g ives  a c l e a r e r  i n s i g h t  i n t o  t h e  main 

( i . e . ,  t l ie  e c c e n t r i c i t y  is near -zero)  S ince  q f e cos w and s f e. sin w, 

it follows t h a t  Q and s a r e  n e a r  zero .  For t h i s  case. t h e  complete 

Hamiltonian of Equation ( 4 . 3 )  can be w r i t t e n  as: 



71 

K = A4 t h3kA5 + (h4k T/mo) ( 1  - 6 t  t 6't2 + ... ) *  

( A  h + 2A cos 8 + 2A3sin 0 )  + O(q, s )  , 
1 2 

.'e 

where t h e  expansions for y - l  and y-' are g iven  i n  Appendix B.  Then, 

af ter  making t h e  small e c c e n t r i c i t y  and mass-flow rate a s s u i q t i o n s ,  t h e  

approximate c i r c u m f e r e n t i a l  Hamiltonian i s  

K = h4 + h3kA + (h4k T/m ) (Alh + 2A2cos 8 i 2A3sin 0 )  . (4 .5 )  5 0 

A s imple  canon ica l  t r ans fo rma t ion  which changes 

t o  a coord ina te  fac i l i t a tes  t h e  i n t e g r a t i o n  of t h e  H - J  equa t ion ,  i . e . ,  

h t o  a momenta and 

Then, with 8 as t h e  independent v a r i a b l e ,  t h e  H - J  equa t ion  f o r  t h e  

Hamiltonian of Equation ( 4 . 5 )  is 

2s cos q i 2 - s i n  q4) = 0 . + 2 -  as 
a93 

4 
as 

' (-41 3 - q  a92 
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By s u b s t i t u t . i n g  Equation (4 .8)  i n t o  Equation ( 4 . 7 )  and apply ing  t n e  u s u a l  

independence arguments,  f o u r  cons t zn t s ,o f  t h e  f i v e  necessary f o r  a coxp le t e  

s o l u t i o n , a r e  obta ined  e 

The H - J  equa t ion  is now reduced t o  an equat ion  wi th  only two independent 

va r  i ab les 

The  remaining cons t an t  of t h e  complete s o l u t i o n  can be obta ined  by cons ider -  

- -  # .  . - \  . . .  . ~~ 

1 1 1 ~  1 . 1 ~ s  ci idrvic:Ler3J.h~ I C  h v b ~ t l i i i  LUI'  Luuc1LIv.i \ - t . ~ v ) .  1 1 1  ~ J U L  LALUALII 

(4 .11)  

Equat ions (4.11)  can be w r i t t e n  as t h e  s i n g l e  equat ion  

Of', 



Upon i n t e g r a t i o n  
* 

(4 .12)  

where t h e  func t iona l .  form of a is  chosen i n  slich a way t h a t  i?; r e a c e s  

t o  t h e  i n i t i a l  va lue  of h . Equat ior ,  (4 .22)  can be writter, more CGTiVei-~LZLrly 

as 

5 

where 

T h e  development oi- t h e  g e n e r a t i n g  l u n c r i o n  5 now on ly  r e q u i r e s  rne 

i- 4- cegra t  i on  of t h e  P f  af f i a n  equat ion  

(4.15)  

as?; 
;J:iere - can be determined by s u b s t i t u t i n g  Equation (4.13)  i n t o  ZGuation 

a94 
; Lr.  10)  : 

(4.16) 

S k c e  t h e  f u n c t i o n a l  dependence of Equation (4.15) is 
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it fo l lows  by t h e  arguments o f  pp. 67-68 o f  Reference 36 t h a t  S a  is 

n e c e s s a r i l y  of t h e  form 
* 

a s ;': 
sg :  = - q1 + f ( q 4 )  . 

a %  
(4.17) 

The f u n c t i o n  f ( q  ) i s  e a s i l y  o b t a i n e d  by i n t e g r a t i n g  4 

asf: as$: 
Thus, 91 where (-)I is t h a t  p o r t i o n  of - which does n o t  c o n t a i n  

a44 aq4 

(4.18) 

The i n d e f i n i t e  i n t e g r a l s  i n  Equation (4 .18 )  are n o t  i n t e g r a b l e  i n  c losed-  

form. However, as w i l l  be  shown i n  Chapter 7 ,  

of c i r c u l a r  o r b i t  t r a n s f e r s  and escape  t r a j e c t o r i e s .  

1 Eq4 I < 1 f o r  a l a r g e  class 

For example, on an 

op t ima l  c i r c u l a r  o r b i t  t r a n s f e r  from an a l t i t u d e  o f  200 s t a t u t e  miles to an a l -  

t i t u d e  of 22,300 s t a t u r e  miles (cor responding  t o  t he  a l t i t u d e  of a twenty-four 

hour s a t e l l i t e )  wi th  T/Wo = 5x10 and invo lv ing  68.3 r e v o l u t i o n s  about t h e  

e a r t h ,  t h e  maximum va lue  of Icq41 w a s  less t h a n  0.95. 

~ : : - : / ~ , i i i d ~ d  by rwan:; O F  ' I  Li.nomi,~iI- .;cr.i,c:; e AcLu'111y tliis .is j l L : ; L  ;I 'I',ivlox? s(\i-it*:. 

e x p n s i o n  about Eq4 = 0 . Since  E Q ~  reached a maximum va lue  of approxi -  

mately 0.95 on many of t h e  miss ions  srudieci,  

-4 

Thus, ( l-Eqk)-l  can be 

(1 - &q4)-l i s  niost e f f e c t i v e l y  
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C;: , where Ca is t o  be s p e c i f i e d .  

C;: = 0 ( i . e . ,  t h e  b inomia l  s e r i e s )  

€94  
axixnded i n  a Tay lo r  s e r i e s  about 

Fer t r a n s f e r s  of only a f e w  r e v o l u t i o n s ,  

should g ive  s u f f i c i e n t  accuracy.  

is a convenient  va lue .  

Fo r  t r a n s f e r s  of many r e v o l u t i o n s ,  C n  = 0.4 
* 

Define C f 1 - Cc: . Then, t h e  Taylor  se r ies  is 

(1 - Eq4)-1 = 1./c + (Eq 4 - c w c 2  + ... 
(4.19) ... + (Eq4 - c;t)"/[(n - l ) ! c n + l ]  + ... . 

The i n d e f i n i t e  i n t e g r a l s  of Equation (4.18)  can now be eva lua ted  i n  ser ies  

form t o  g ive  

2 a 

2 0 4 1 4 - - {EN s i n  q + E ~ N  ( cos  q4 + q s i n ' q 4 )  

+ E ~ N ~ [ ~ ~ ~ c o s  q4 + ( q t  - 2 ) s i n  q I 
4 

(4 .20)  
+ ~ ~ N , [ ( 3 q c  - 6)cos  q4 i- (q: - 6q4)s in  q4] + . . . }  

3 
a 

2 0 4 1 4 - - {-EN COS q + E ~ N  ( s i n  q - q4 COS q4) + 

+. E 3 ~ 2 [ 2 q  4 s i n  q 4 + (2 - q2)cos q,+] + 

+ c4N3[(3q2 4 - 6 ) s i n  q4 + (6q4 - q:)cos q4] + . . . I  , 

where 

(4.21) 
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The N - exp-ess ions  are  determined by t h e  T a y l o r  s e r l e s  e x p i s i o n  of i * 

(1 - Eq4)-1 , with  5. r e p r e s e n t i n g  t h e  c o e f f i c i e n t  oi- ( € q 4 I A  . 
1 

By combining Equat ions (4 .8 ) ,  (4 .19 ) ,  (4 .1713.  and. ( 4 . 2 0 1 ,  t h e  gen- 

e r a t i n g  f u n c t i o n  is  determined 

-.% + q a ( 1  - . c q 4 )  + f(q 1 . (4.22) 
1 2 2 + a393 + a4q5 1 5  4 S = a t 3 t a q  

I i e m i l i n g  t h a t  E depends upon a t h e  remaining carionlc cons t an r s  can 

be de-2;ernined by ap? ly ing  Jacobi's theorem (i.e., 

5 
as - 
i 

b .  E - - c o n s t a n t ) :  
1 aa 

E - b2 - q2 - - CN s i n  q + EN ( cos  q + q s i n  q ) + ... 3 
2 0  4 1 4 4 4 

E - - {-N cos q + EN ( s i n  q .- q COS q -+ . . . I  - 
b3 - 93 2 0 4 1 4 4 4 

b4 .- - q5 f (1 - Eqq)'/(a5T/mo) 
1/ 

- 
b5 = q l ( l  - Eq4) - 5 / 4  - a 4 ( l  - E q 4 )  3/4/(a:T/iil (4 .23)  

" 0  

2 
2a 

5 a - - { E N  s i n  q t ~ E ~ N ~ ( . . . )  t 
0 4 

+ ~ E ~ N ~  [...I + ~ E ~ N ~  E...] + . . . I  

2s 

5 a 
3 - - {-EN cos q + 2E2K 

0 4 

t 3E3H2 [...I f 4 E 4 N  [...I 3- 0 . .  1 , 
' 3  

t:r,ere ( .  . . I and [. . . ] r e p r e s e n t  r h e  b racke ted  ternis i n  Equhtion ( 4 . 2 0 )  

* .  
I - -  vi,,,cri are n u l t i p l i e d  by a N and a H (I = 1, 2, . . . ) . I t  shouid  a l s o  

2 i  3 i  
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5 .  

and b con ta in  s e c u l a r  

was used i n  develo2jing b - 
5 

be noted t h a t  t h e  ex2ress ion  - - 4 ~ / a  

The s e r i e s  expansions f o r  
aa5 

b2 > b3 , 4 
n te rms ,  i . e .  t h e  occurcnce of q (n = 1, 2 ,  . . a ) . liowevcr, a l l  of t h e s e  

terms occur  i n  t h e  product  form: E q4 - E ( E ~ ~ )  . T'nerefore, s i n c e  

1cq4[ < 1 , t h e s e  terms a r e  a t  most of o r d e r  

i n  t h e  express ions .  

4 42- 

ni-1 n - n 

E , as are t h e  o t h e r  terms 

Assuming t = 8 = 0 t h e  classic r e s u l t s  of Ts i en ,  expressed i n  
0 0 

polar  coord ina te s ,  are 

(4.24) 

wi th  The small e c c e n t r i c i t y  assumption imposed, t hey  match Equat ions (4.24). 

Thus, t h e  Ts ien  s o l u t i o n  i s  inco rpora t ed  i n  t h e  s o l u t i o n  def ined  by ( a ( q ,  p ) ,  

b ( q ,  p ) )  , which a l s o  inc ludes  approximate Lagrange m u l t i p l i e r  s o l u t i o n s .  

The c o n t r o l  ang le ,  ci , is de f ined  by 

B t a n  a = - A 9  

where, as func t ions  of q ' s  and p i ' s :  i 
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and p would have t o  be i d e n t i c a l l y  
p2 3 

For t r u e  c i r c u m f e r e n t i a l  t h r u s t ,  

zero, and s i n c e :  

= .  a = cons tan t  , p3 3 p2 = a = c o n s t a n t ;  2 

t hen  a = a = 0 would de f ine  t h i s  case. However, as p rev ious ly  s t a t e d ,  

t h e  Lneason f o r  o b t a i n i n g  t h e  approx iaa t e  m u l t i p l i e r  s o l u t i o n s  is because of 

t h e i r  d i f f e r e n t i a l  equat ion  p r o p e r t i e s  and n o t  t h e i r - p h y s i c a l  s i g n i f i c a n c e .  

2 3 

That i s ,  s i n c e  t h e  f u n c t i o n a l  form of each o f  t h e  Euler-Lagrange equa t ions  

is 

( i . e . ,  t hey  depend only on t h e  c o n t r o l  through t h e  s t a t e ) ,  i f  t h e  opt imal  

s t a t e  and c i r c u m f e r e n t i a l  t h r u s t  s ta te  are approximately t h e  same, then  t h e  

f u n c t i o n a l  forin of  t h e  s o l u t i o n s  t o  t h e  c i r c u m f e r e n t i a l  t h r u s t  m u l t i p l i e r  

equat ions  should  c l o s e l y  approximate t h e  s o l u t i o n s  of t h e  Euler-Lagrange 

equa t ions .  However, bo th  p = a and p = a are c o n s t a n t ,  which does 

n o t  a l low any v a r i a t i o n  i n  t h e  m u l t i p l i e r s  as t h e  s ta te  changes.  

an u n d e s i r a b l e  p rope r ty  of t h e  s o l u t i o n  which r e s u l t s  from t h e  fact  t h a t  

t h e  d e f i n i n g  Sami l ton ian  is of zero-order  i n  q and s . Thus, s i n c e  q 

and s 

t h e  motion. 

2 2 3 3 

This  is 

are c y c l i c  v a r i a b l e s ,  t h e i r  conjugate  m u l t i p l i e r s  are  c o n s t a n t s  of 

I n  t h e  next  s e c t i o n ,  t h i s  u n d e s i r a b l e  cond i t ion  i s  improved. 

4.2  A New Ci rcumfe ren t i a l  Thrus t  ApxoxiKat ion  

I n  t h e  przvious s e c t i o n ,  a s o l u t i o n  was Gbtained f o r  t h e  Haiailtonian 

system def ined  by: 



7 5  

As previous ly  noted, t h i s  approximatioq is somewhat inadequate because 

is c y c l i c  i n  q and s . I n  Chapter 3 ,  a closed-form Hamilton-Jacobi 

s o l u t i o n  was ob ta ined  f o r  t h e  Hamiltonian 

K 
-* 

K = A4 + h3kA5/y2 
0 

(4 .25)  

wi th  no s i m p l i f y i n g  assumption for q and s . I n  t h i s  s e c t i o n ,  t h e  

s o l u t i o n  for t h e  Hamiltonian of Equat ion (4.25)  w i l l  be  pe r tu rbed  i n t o  

t h e  s o l u t i o n  f o r  

K = A,+ + h3kA5/y2 + [(T/m (h4k/y2> JA2 + B 2 1 q  = s = 0 . (4 .26)  
0 

Since  y depends upon q and s , t h e  conjugate  m u l t i p l i e r s  of q and s 

w i l l  n o t  be c o n s t a n t s  of t h e  motion f o r  t h i s  case. 

I n  terms o f  t h e  canonic  c o n s t a n t s  for  t h e  coas t - a rc  problem, Equat ions 

(3.74), t h e  Hamiltonian of Equat ion (4.26)  is 

K = CY + (kT/m )a: {a2[-B2 - 3 c ~ $ t ~ ~ k B ~ I  1 0 

+ 2[-B + 2a3a k s i n  B1lcos B1 + 
3 2 5  

+ 2 [ - ~ , +  - 2~ HI + cos B,)IZ 2 5  

or 
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Since a and 01 are c y c l i c  v a r i a b l e s ,  it i s  d e s i r a b l e  t o  have t h e i r  

conjugate  v a r i a b l e s  as momenta i n  t h e  H - J  equa t ion .  

simple c a n o n i c a l  t r ans fo rma t ion  is de f ined :  

3 4 

Thus, t h e  fo l lowing  

(4.27) 

Then, t h e  H-J  equa t ion  for t h e  Hamiltonian o f  Equation (4 .26 ) ’ ,  wi th  

as t h e  independent v a r i a b l e ,  is 

8 

as as 4 8s - as + - + (kT/mo) (- [-a2 a~, - ae aQl aQ2 
(4.28) 

as 
aQ3 1 aQ4 1 aQ2 aQ, 

3s - 2 -  C O S Q  - 2 -  as )3 - as (34  + 4 s i n  Q,)] = 0 . 1 s i n  Q - k(- 

Since  n e i t h e r  8 , Q, , Q, , n o r  Q, appear  e x p l i c i t l y  i n  Equation (4.281, 

a p a r t i a l  s e p a r a t i o n  of v a r i a b l e s  can be e f f e c t e d .  Thus, assume 

s = s ( e )  + s1(q3) -t s 2 ( Q 4 )  + S3(Q5) + sn(Ql,  Q2)  - (4.29) 
0 

After s u b s t i t u t i n g  Equation (4 .29 )  i n t o  Equation (4 .28)  and apply ing  t h e  

u s u a l  independence arguments, t h e  fo l lowing  f o u r  c o n s t a n t s  of t h e  s o l u t i o n  

are de f ined :  

Thus, 



S = A 0 + A Q t A Q + A Q f S"(Q,, 0,) . ( 4.30) 
1 2 3  3 4  4 5  

- 7  ;?vation (4.28)  can then  be reduced t o  t h e  fo l lowing  p a r t i a l  d i f f e r e n t i a l  

equat ion  i n  two in iependent  v a r i a b l e s  

ask - kA (-I3 (34  - 2A cos Q - 2A s i n  Q t 4 s i n  Q,)] = 0 . 
2 1 3 1 4 aQ2 1 

1n:;pection of the c h a r a c t e r i s t i c  system €or E q u a t i o n  (4.31) g i v c s  t h e  

rtwi'iininy: c o n s t a n t  Cor t h e  complete s o l u t i o n ,  i . e .  , 

dQ, - = 1 .  dT 

(4.31) 

(4.32) 

The form of t h e s e  equat ions  i s  t h e  same as t h e  form of Equat ions (4.111, so 

t h e  fo l lowing  r e s u l t  is o b t a i n e d  by comparison wi th  Equation (4.13) 

(4.33) 

where E E 4A4(kT/m ) . I n  coinparison w i t h  t h e  complete s o l u t i o n  of Sec t ion  

( 4 . 1 ) ,  A 4  = a and As = a 4 

5 0 

The remaining c o n s t a n t s  are  n o t  equal .  
5 .  

S i n c e  Sf: is a f u n c t i o n  of Q, and Q2 , t h e  fo l lowing  Pfaf f  d i f f e r -  

entisl equat ion  inus t be i n t e g r a t e d  
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(4.34) 

as:': - where i s  ob ta ined  by s u b s t i t u t i n g  Equation (4 .33)  i n t o  Equation (4 .31) .  
aQ4 as:': 

A s  i n  S e c t i o n  (4.11, s i n c e  - 
I 

i s  a f u n c t i o n  of -Q a l o n e ,  t h e  s o l u t i o n  o f  1 aQ, 
L 

Equation (4 .34 )  must be of t h e  form 

(4.35) 

as:': f as:': 
aQ4 aQ 4 

whe:=.% (--) i s  t h a t  p o r t i o n  of - which does n o t  c o n t a i n  Q2 3 i .e .2  

I I 

1 
(4.36) - 

I as:': 
dQl = -A Q + ( ~ / 4 )  { 2 A 2 ( 1  - E Q ~ ) - ~ C O S  Q 1 1  

+ 2A3(1 - &Q1)-lsin Q 1 + kA4Az(1 - &Q1) 7'4(3Q1 + 4 s i n  Ql )}  dQ,.  

Comparison of Equation (4 .36)  w i t h  Equat ion  (4 .18)  shows t h a t  t h e  only  new 

. . I  :&s t o  be  i n t e g r a t e d  are 

- 
~ ~ A ~ / ( 1 5 A ~ T / r n ~ )  ( 3  Ql(l - &Q1) 7/4dQ1 + 4 (1 - E Q ~ ) - ~ / ~  s i n  Q, dQ1)- 

(4.37) 

The first i n t e g r a l  can be  eva lua ted  i n  closed-form 

- 
- 7 / 4  = 4(4  - 3&Q1) (1 - &Q1) 3 /4 /3&2 . (4.38) 

dQl Q l ( l  - &Q1) I 
'I le second i n t e g r a l  cannot be e v a l u a t e d  i n  closed-form bu t  

Taylor  s e r i e s  f o r  ( 1  - cQ1) -7/4 can b e  used t o  form a series of terms which 

are i n t e g r a b l e .  

l & Q l l  < 1 so a 

However, t o  o b t a i n  a more r a p i d l y  convergent s e r i e s ,  it is  

b e n e f i c i a l  t o  first perform two i n t e g r a t i o n s  by p a r t s  which g i v e :  
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% -7 

d Q l  = (16/3c2)  1 (1 - cQ1) s i n  Q 1 dQl 
/ (1 - E Q ~ )  '4 s i n  Q 

(4 .39)  - 
+ [ 4 e ( s i n  Q 1 - 4Q1 cos Q 1 ) + 16cos Q 1 ] (1 - cQ1) 3 / 4 / ( 3 ~ 2 )  , 

The Taylor  se r ies  f o r  (1 - cQ1) % expaqded about  €Q1 = Cfi with 
1 

L (1 - CC:)" , i s  

(4.40) 

Then a f t e r  making use  of t h e  r e s u l t s  of S e c t i o n  (4 .1 )  and i n t e g r a t i n g  

Equation ( 4 . 3 9 ) ,  Equation (4.36)  becomes 

+ E 2 N 1 ( c o s  Q, + Q 1 s i n  Q,) + E ~ N  2 [2Q1 cos Q 1 

A3 
1 + (Q: - 2 ) s i n  Q,] t . . . I  + - { - E  N cos Q 2 0 

1 + €2 N ( s i n  Q, - Q, COS Q ) + E 3 ~ ~ 2 [ 2 ~ 1  s i n  Q 1 1 

' {-Mocos Q, + EM ( s i n  Q, - Q, cos Q,) + 1 

+ E ~ M ~ [ ~ Q ,  s i n  Q, + ( 2  - Q:)cos Q,] + 

(4.41) 

w h e r e  t h e  N . ' s  are d e f i n e d  by Equat ions ( 4 . 2 1 )  and 
1 



(C,.,>* + - ... . 3 '7  5(3 '7 '11)  Ca - 15(3*7 .11*15)  - 
3 ! 45L'l 4! 4"L' 5!4>L'Y M3 E 

% 
The M.-expressions are  determined by t h e  Tay lo r  s e r i e s  expansion of (1 - ~ C 4 . j  , 

1 A 

i 
wi th  Mi r e p r e s e n t i n g  t h e  c o e f f i c i e n t  of (EQ,) . 

Equat ions (4.32),  (4 .35 ) ,  and (4.41) can be combined t o  g ive  t h e  s o l u -  

t i o n  of Equation (4 .28)  

s = A e t A ~ Q ~  t A Q -I- A,+Q, t 1 3 4  
( 4 .4  5 

The remaining canonic  c o n s t a n t s  are formed by apply ing  J a c o b i ' s  theorem and 

making u s e  of t h e  fac t  t h a t  = 4 € / A 5  : 
aA 5 

B1 = 0 - Q, 

B2 
E Q3 t 2 {Nosin Q 1 t E N ~ ( C O S  Q 1 t Q1sin Q 1 t . . . I  

(-N cos Q -k EN ( s i n  Q - Qlcos Q,) t . . . I  E - 
B3 - Q4 + 0 1 1 1 

= 0 .1- (1 - EO1)  - 3 / 4  [ 4 ( 3  -1- &cos Q,) + & ( [ I s i n  Q 
I%,, !) 2 

- lGQICoS Q, - 9Q 1 )]/(12A5T/mo) -I- 

t 4{-M cos Q, t  EM^(...)+- c2b! 2 [...I 1- . . .  }/(3AjT/mo) 
0 

(4.44) 
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* [3c(3Q1 + 4 s i n  Q,) - 4 ( 1  - E Q ~ )  ( 3  + 4 c:? Q1)1/(12AgT/mo) 

- { E  N s i n  Q 2A2 

A5 

2A3 

A5 

+ + 2cz2N1( ... ) + . . . I  
0 1 

+ - { - E  N cos Q + ~ E ~ N ~ ( . . . )  + . . . I  

- [4A4/(3AgT/m 13 {-Mocos Q f €M1(. . . + . . . I  

0 1 

0 1 

where ( . . . I  and [ . . . I  r e p r e s e n t  t h e  b racke ted  terms i n  Equation (4.41) 

which are m u l t i p l i e d  by A2Ni , A3Ni , and Mi ( i  = 1, 2 ,  ...I . 
A s  p r e v i o u s l y  no ted ,  t h e  A 2  and A3 s o l u t i o n s  ( d e f i n e d  by t h e  

ann I\ oni iar i  nns I a-np nnr r n n q r a n y  t : i n r r i o n s  in r n i  F: s v q r p m  w n p v p a c  T ~ ~ T T  
3 -  

are i n  t h e  system o f  S e c t i o n  ( 4 . 1 ) .  

s o l u t i o n s  i s  t h e  t ( 8 )  - r e l a t i o n s h i p  de f ined  by t h e  b4 - and B4 - equa- 

t i o n s .  The d i f f e r e n c e  i s  seen  more c l e a r l y  i f  B4 is  developed be fo re  

e v a l u a t i n g  t h e  second i n t e g r a l  of Equation (4.371, i . e . ,  

Another impor tan t  d i f f e r e n c e  i n  t h e  two 

+ ckAz ,/ ( 1  - E Q ~ ) - ~ ’ ~  s i n  Q 1 dQl * 

Also, r e c a l l  from Equat ions  (4 .23)  and Equation (3 .72)  

(4 .45)  

(4.46) 

(4 .47  ) 



.A,"ter s u b s r i I u t i n g  Equatior, (4.47) i n t o  Equation (4 .45)  and r e w r i t i n g  Equa- 

t i a s  (4 .45 )  and (4 .46)  i n  terms of t h e  original Poincare v a r i a b l e s ,  t h e  

foli3.iii.g resbits a r e  ob ta ined  * 

- - 

t &kh3 1 (1 - €Q1) '4 s i n  Q1dQ, 

t - kh38 t (4 - 360) ( 1  - €6) 3'4/(4h T/m 
B4 - 0 0  

-7  

0 

and, 

But from Equation (4.33) 

- 3/4  h3 = h 3 ( l  - & e )  
0 3 

so 

- 
= t - kh30( l  -  EO)-^'^ t ( 4  - 3 ~ 0 )  (1 - €0) 3'4/(Lbh T/m ) B4 0 0 0  

t €kh3 0 J ( 1  - E Q ~ ) - ~ / ~  s i n  Q1dQ, . 

A f t e r  combining t h e  ( 1  -  EO)-^/^ t e r m s  

(4 .L ;b  

( 4. 49 , 

T h u s ,  t o  order E 

tical ( i . e . ,  Equations (4 .48)  and ( 4 . 4 9 ) ) .  Tor small  0 Equations ( 4 . 4 8 )  

t h e  t ( 0 ) - r e l a t i o n s h i p s  of t h e  two sections are also iden- 

< i r L f 1  ( l 1 . 1 1 0 )  <JY'C nc:<.irly t h e  ssmc. S j n c c  thc i n d c f i n i t c  i n t c . p , r a l  of L I I L ~  i<  4 - t s  

[ t r * c : s ~ i o ~ i  cannot be eva lua ted  i n  closed-form, thc? advantage of usinp, PI+ i n  

of fi 

rAilr*,erical. compwison of t h e  two expressioils is giver, i n  Chapter 7. 

dcpcnds on the v a l i d i t y  of the anproximation for t h i s  i n t e g r a l .  A 
4 



CHAPTER 5 

NON-HAMILTONIAN CIRCUMFEIENTIAL THRUST ANALYSIS 

4- 

I n  t h i s  Chapter,  asymptot ic  s o l u t i o n s  of t h e  c i r c u m f e r e n t i a l  t h r u s t  

problem which are more g e n e r a l  than  t h e  s o l u t i o n s  o f  Chapter 4 w i . 1 1  be  pre-  

s en ted .  The governing d i f f e r e n t i a l  equa t ions  w i l l  be  developed i n  Poincare  

v a r i a b l e s  and then  c e r t a i n  s i m p l i f y i n g  assumptions w i l l  be made. 

Large number o f  va r ious  approximate c i r c u m f e r e n t i a l  t h r u s t  s t a t e  s o l u t i o n s 3 2  , 

Due t o  t h e  

no claim of  o r i g i n i a l i t y  is made wi th  r e s p e c t  t o  t h e  s o l u t i o n s  f o r  t h e  s ta te  

v a r i a b l e s .  However, it appears  t h a t  t h e  a s s o c i a t e d  Lagrange m u l t i p l i e r  

s o l u t i o n s  are new. 

I n  t h e  fo l lowing  s e c t i o n s ,  t h e  s ta te  equa t ions  w i l l  b e  so lved  wi th  t h e  

small e c c e n t r i c i t y  assumption. 

---:-? -,-:..r ..-a --,,..a ..-a,.- - . - . 2 . ,+ : -= -  :- x = _ _  chn h / a .  A \  =na + ( P .  

6 )  w i l l  be formed. 

However, t h e  mass w i l l  b e  r e p r e s e n t e d  by a b i -  
li 

0 

0 
7 , .  m 

- _ _ _ _  . 

These s o l u t i o n s  are very u s e f u l  i n  p r e d i c t i n g  t h e  t i m e  

d u r a t i o n  o f  op t imal  m u l t i r e v o l u t i o n  c i r c u l a r  o r b i t  t r a n s f e r s .  The method of 

s o l u t i o n  f o r  q ( 0 ;  E,  6 )  and s(6; E, 6 )  w i l l  be  i n d i c a t e d .  These s o l u t i o n s  

can be  r e p r e s e n t e d  as series i n  two pa rame te r s ,  6 and E E 4h4 - k . T 
o m  

0 

The Lagrange m u l t i p l i e r  s o l u t i o n s  w i l l  be so lved  wi th  both  t h e  s m a l l  

e c c e n t r i c i t y  and t h e  c o n s t a n t  mass assumptions.  The s o l u t i o n s  are developed 

t o  f i r s t - o r d e r  i n  E , however a l l  o r d e r s  o f  s o l u t i o n  can be ob ta ined  by s i m -  

p l e  quadra tu res .  

The a n a l y s i s  of t h i s  chap te r  w a s  developed t o  suppor t  t h e  numer ica l  

work of Chapter 7 ,  and a l s o  t o  s e r v e  as a guide f o r  f u t u r e  Hamiltonian s t u d i e s  

invo lv ing  t h e  c i r c u m f e r e n t i a l  t h r u s t  problem. Thus, convergence p r o p e r t i e s  

87 
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However, and q u a l i t a t i v e  a s p e c t s  of  t h e  s o l u t i o n s  are n o t  f u l l y  d i scussed .  

i n  Chapter  7 ,  t h e  s o l u t i o n s  are compared t o  t h e  t r u e  s o l u t i o n 6 r  a represen-  

t a t i v e  mission.  

5.1 The So lu t ion  of t h e  S t a t e  Eauat ions  e 

Consider t h e  gene ra l i zed  Hamiltonian i n  Poincare  v a r i a b l e s  wi th  t i m e  

as t h e  independent  v a r i a b l e ,  and without  t r e a t i n g  time as a coord ina te ,  i . e . ,  

The c i r c u m f e r e n t i a l  t h r u s t  Hamiltonian is de f ined  by r e q u i r i n g  B E 0 , so 

(5 .1)  
T 
m 1 K = Ab y2 / (h3k>  + -hA . 

The d i f f e r n e t i a l  equa t ions  for t h e  s t a t e  v a r i a b l e s ,  wi th  t h e  small e c c e n t r i c -  

i t y  assumption, are of  t h e  form - - - . Since  t h e  r ight-hand s i d e s  

of t h e s e  equat ions  are de f ined  by d e r i v a t i v e s  of t h e  Hamiltonian wi th  r e s p e c t  

d t  

aKlq=s=o - - aK 
ani  - ahi Hamiltonian be fo re  d i f f e r e n t i a t i o n ,  i . e . ,  

T 
m 2 K 2 A,/(h3k) + - h[Alh f 2A cos 0 + 2A3 s i n  €31 

t o  m u l t i p l i e r s ,  t hen  t h e  small e c c e n t r i c i t y  assumption can be made i n  t h e  

. Thus, 
q=s=o 

(5.2)  

The Hamil ton 's  equa t ions  f o r  t h e  s ta te  v a r i a b l e s  are 



a9 

Then, s i n c e  * = l / ( h 3 k )  , t h e  rates o f  change of h , q , s , and t 

wi th  r e s p e c t  t o  0 are given by 

d t  

T 9 = 2 - k  h4 cos 0 d0 m 

( 5 . 3 )  
T 

d0 m 
- -  ds - 2 - k h4 s i n  0 

d t  - = h3k . 
d0 

lil 
0 

0 

L e t  6 f - . Then, assuming t = 0 , m 0 

nn 

1 
m m - (1 - 6 t  + 6 2 t 2  - + ...) . - -  1 -  ( l 6 t l  < 1 )  

0 

The d i f f e r e n t i a l  equa t ions  for h and t , t o  second-order i n  6 , are 

then  

- d t  = h3k . 
d0 

Assume s o l u t i o n s  of  t h e  following form 
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h = ho -f 6 h 1  i- d2h2 t ... 
t = to I- 6 t l  + 6 2 t '  f ... . 

Q 

After s u b s t i t u t i n g  Equat ions (5 .5)  i n t o  Equat ions ( 5 . 4 )  and equa t ing  

c o e f f i c i e n t s  of  l i k e  powers o f  

are formed 

6 , t h e  fo l lowing  p e r t u r b a t i o n  equat ions  

(5 .5 )  

dho T - = - k ( h o ) 5  
m dB 
0 

- -  dto - (h0)3k ; 
de 

dh l  T - = - k[5(h0)4  h1 - (h0)5 to] m de 
0 

- d t l  = 
dB 3k(h0)2 h1 ; 

and 

dh2 = 2 k[5(h0)4  h2 -t 10(h0)3  (h1 )2  - (h0)5 tl de m 
0 

- 5(h0>4  to h1 + (h0)5  ( t o ) * ]  

dt2 dB = 3k[(h0)2 h2 I- 3kho(h1)2]  . 

( 5 . 8 )  

Note t h a t  t h e  p e r t u r b a t i o n  equa t ions  must be so lved  i n  t h e  o r d e r  t h a t  t hey  

are  w r i t  t e n .  

The f i r s t  equa t ion  of Equat ion ( 5 . 6 )  ciin be so lved  by s e p a r a t i o n  of 

v a r i a b l e s ,  and i t s  s o l u t i o n  can be expressed  as 
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(5 .9 )  

where 

4t 

E f 4h4 - - k  T . 
e ( t  ) = o , h h ( t o )  , o m  

0 
0 0 

(5 .10)  

S u b s t i t u t i o n  of Equation (5 .9)  i n t o  t h e  second of Equat ions ( 5 . 6 )  d e f i n e s  

d i i ~  L . I ~  equa t ion  s o l v a b l e  by s e p a r a t i o n  of v a r i a b l e s  wi th  t h e  r e s u l t  

(5 .11)  

Equat ions (5 .9)  and (5 .11)  r e p r e s e n t  t h e  zero-order  s o l u t i o n  and they  are 

the same as t h e  s o l u t i o n  by T ~ i e n ~ ~  d i scussed  i n  Chapter  4. 

To o b t a i n  t h e  f i r s t - o r d e r  s o l u t i o n s ,  Equat ions  (5 .9 )  and (5.11)  must 

_- - C .  . r n  A .  _ _  I '  :* S U D S X l T U L e U  I I I L U  L ~ U d L I V i l b  \a. f I .  ~ 1 1 ~ 1 1 9  L L A ~  L-LIVL VI -y--------- 
j .  . 

( 5 . 7 )  can be w r i t t e n  as 

dhl 5 - - - ~ ( 1  - E€))- '  h1 = k h 4 [ ( l  - E S ) - ~  - ( 1  - ~ f 3 ) - ~ / 4 ]  . (5 .12)  de 4 0 

Equation (5.12)  i s  a l i n e a r ,  inhomogeneous d i f f e r e n t i a l  equa t ion  whose homo- 

gereous s o l u t i o n  i s  

where C is a c o n s t a n t  of i n t e g r a t i o n .  A p a r t i c u l a r  s o l u t i o n  of Equation 

(5.19) can be ob ta ined  by assuming t h e  fo l lowing  s o l u t i o n  form: 

0 
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-k h l  = Cl + C 2 ( 1  - E O )  . 

Then, a f t e r  app ly ing  t h e  boundary cond i t ion  

h l  i s  e a s i l y  formed, i . e . ,  

h l (0)*= 0 , t h e  s o l u t i o n  f o r  

The d i f f e r e n t i a l  equa t ion  f o r  t1 , upon making use  of Equation (5.131, 

is  

This  equa t ion  i n t e g r a t e s  t o  g ive  

x x " I I .  . * -  . 
-c- = L l U  - 13(1 - EO) I- O(1 - E O )  - (I - t u /  J / L L V \ l I  l / l I I  J J.\J.LrJ 

0 0  

Thus, t h e  s o l u t i o n  o f  Equations (5 .3 )  t o  f i r s t - o r d e r  i n  6 is given 

h = ho i- 6h1 

t = to + 6 t l  , 
(5.15) 

where Equat ions  (5 .91 ,  (5 .11 ) ,  (5.131, and (5.14) d e f i n e  t h e  r igh t -hand s i d e s  

o f  Equations (5 .15) .  

After s u b s t i t u t i n g  t h e  f i r s t  and second-order s o l u t i o n s  i n t o  t h e  first 

of Equations ( 5 . 8 )  and combining terms, the fo l lowing  d i f f e r e n t i a l  equat ion  is  

formed 
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(5.16) 
-3 

+ 4(1 - € 0 )  / 4 ] / ( 4 0  T/mo) . 
m 

Again t h i s  i s  a l i n e a r  inhomogeneous equat ion  whose homogeneous s o l u t i o n  is 

of t h e  form 

A p a r t i c u l a r  s o l u t i o n  can be obtained by assuming t h e  fo l lowing  s o l u t i o n  

form : 

h2 = C1(l - € 0 )  -% f q 1  - ea)-% + C3(l - €6) % . 

h2 = [(l - E O ) - ~ / ~ / ~ ~ O  - (1 - ~ 0 ) - 5 / ~ / 4 8  + (1 - ~O)-’/32 
(5.17) 

- (1 - ~6)~/60]/(h 0 T2/m2) 0 . 

The t2 - d i f f e r e n t i a l  equat ion  is  then  

- -7 
g2 = [3k h /rT/mo)2] [ 7 ( 1  - ~ 0 )  11/4/800 - 11(1 - € 0 )  /4/240 d6 0 

- - 
+ (1 - €0) 3/2/50 +- 3(1 - E O )  3/4 /32  - (1 - ~0)-’/10 

+ 7(1 - ~O)-~/300] . 
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T h i :  equa t ion  i n t e g r a t e s  t o  g ive  

(5.18) 

The re fo re ,  t o  second-order i n  6 , t h e  s o l u t i o n  of Equat ions  (5 .3)  is 

h = ho + 6h1 + d2h2 

t = to + 6 t l  + 6 2 t 2  . 

Thess e q u a t i o n s  are very u s e f u l  f o r  de te rmining  approximate cu to f f - t imes  i n  

g iven  t h e  i n i t i a l  and f i n a l  v a l u e s  of t h e  r a d i i  of t h e  two c i r c u l a r  o r b i t s ,  

i n i t i a l  and f i n a l  va lues  of h can b e  determined. Then, Equation ( 5 . 9 )  can 

be used t o  solve for a zero-order  approximation of 0 ,  i n  c l o s e d  form. Upon 

s u b s t i t u t i o n  o f  t h i s  va lue  i n  Equation (5 .11 ) ,  a zero-order  approximation of 

t h e  f i n a l  time can b e  de te rmined ,  s a y  to 

t ior :  scheme , which uses  

r 

Then, a simple Newton's i t e r a -  

as a first guess,  can be used t o  de te rmine  t h e  

f .  
0 

tf 

:> ... cnd-order approximation o f  t h e  f i n a l  t ime ,  say  

.-iumerical s t u d i e s  which were performed i n  suppor t  of t h i s  t h e s i s  , t h e  d i f -  

t2 For a l l  of t h e  f *  



'r - _  - 2 - kh4 cos 0 
di3 m 

d s  T - = 2 - kh4 COS 8 
d8 m 

T 9 = 
da m 2 - k(l - 6t f 6 2 t 2 )  (ho + 6hl  t 6h2)cos 8 

0 

(5.19) 
T 
m 

ds = 
d0 2 - k ( l  - 6 t  + d 2 t 2 )  (ho t 6hl t 6 h 2 ) s i n  8 , 

0 

t o  second-order  i n  6 . 
Assume s o l u t i o n s  of t h e  form 

ASter s u b s t i t u t i n g  Equat ions ( 5 . 2 0 )  i n t o  Equat ions (5.191, t h e  following 

p e r t u r b a t i o n  equa t ions  are formed: 

T - _  dqo - 2k ; ( l ~ ~ ) ~ c o s  6 
0 

d8 

( 5 . 2 0 )  

dq T 0 11 0 - = 
d8 2k ; [ 4  (h0I3h1 - (h  ) t ]cos 8 

0 
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2s 
da 

and s i m i l a r l y  f o r  - ( i  = 0 ,  1, 2 )  w i th  s i n e  0 r e p l a c i n g  c o s i n e  8 .  

Equations (5.21) a r e ' e a s i i y  i n t e g r a t e d  i f  one assumes Tay lo r  ser ies  
4.r 

e x ? a s i o n s  for the (1 - EO)m--terms whic!i appear  throughout Equat ions  (5 .21) .  

The r e s u l t a n t  s o l u t i o n s  w i l l  then  be power ser ies  i n  b0t5 E and 6 . How- 

e v e r ,  the s e r i e s  should be r a p i d l y  convergent s i n c e  a l l  terms con ta in ing  On 

a r e  m u l t i 2 l i e d  by E 
ni- 1 

5 .2  The S o l u t i o n  o f  t h e  Lagrange Nul- t - ipl ier  Equations 

I n  Chapter 4 it was argued t h a t  even though t h e  Lagrange m u l t i p l i e r s  

do n o t  have p h y s i c a l  s i g n i f i c a n c e  when c i r c u m f e r e n t i a l  t h r u s t  is s p e c i f i e d ,  

t hey  may be approximated by t h e  c i r c u m f e r e n t i a l  m u l t i p l i e r  s o l u t i o n s  i f  t h e  

op t ima l  s ta te  v a r i a b l e s  are c l o s e l y  approximated by t h e  c i r c u m f e r e n t i a l  

s tate v a r i a b l e s .  Thus, approximate c i r c u m f e r e n t i a l  m u l t i p l i e r  s o l u t i o n s  

may be a p p l i c a b l e  i n  open-loop guidance a n a l y s i s .  

Consider t h e  Hamiltonian of Equation ( 5 . 1 ) .  S ince  t h e  d i f f e r e n t i a l  

t h e  small e c c e n t r i c i t y  assumption cannot be made i n  t h e  Hamiltonian. That i s ,  

t h e  d i f f e r e n t i a l  equa t ions  must be  formed f i r s t  and then  t h e  q = s = 0 as- 

A2 and A 3  a K  a K  sumption can b e  a p p l i e d .  Otherwise,  - = - = 0 which i m p l i e s  ag as 

are c o n s t a n t .  

A f t e r  s u b s t i t u t i n g  f o r  A and assuming m = m , Equation ( 5 . 1 )  can 
0 

be w r i t t e n  as 

K 
( 5 . 3 3 )  
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Then, the Hamilton's equa t ions  for the multipliers a r e  

9 T 
TI 1 m  

dA1 
- - - - -  - 3K - (-2 - h/y)A - [cos 6 + ( q  + cos  6)/ylA2 

0 0 
d t  ah  

- - T [ s i n  6 + ( s  + s i n  e ) / y ] r \  + [3y2/(n4k)lA4 
m 3 

0 

(5 .23 )  

i 

- [2y s i n  8/(h3k)]A, 

A ( q  + cos 8 ) s i n  t3/y - Agll - ( s  + s i n  @ ) s i n  w / y j ~  2 

dA4 - a K  T - - - - = - h [ ( i  + l / y ) s i n  6 A2 - (1 + l / y ) c o s  e I! 1 dt ae  m 3 
0 

+ ( s  cos 0 - q s i n  6 )  [-2A4y /(h3k) + Alh2/y2 
0 

A f t e r  changing t h e  independent v a r i a b l e  from t t o  6 and making t h e  

small e c c e n t r i c i t y  assumption,  Equat ions ( 5 . 2 3 )  become 

T 
m 3 - ( 2  - h3k sin@)!\  + (3/h)A,, 
0 
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T 
rn 

- -  dA2 - I- h4k)  [ ( h  cos @ ) A ,  -- ( s in2e)A2 
0 

d6 

e- + ( s i n  e cos  @)A,] - ( 2  COS e)A4 

T 
m 

- -  
2 

- (-- h4k) [ ( h  s i n  @)Al t ( s i n  8 cos e ) A  

(cos28)A3J - ( 2  s i n  e ) A Q  

dA3 

0 
dB 

- 

(5.24)  

The system of Equat ions (5.24)  is a l i n e a r  system wi th  va . r iab le  

1/ 
f 2 cos 0 A2 + 2 s i n  e A 1 + 3(1 - Ee)"Alt/ho 

3 

I 

~ = 
do 2 ( c / I + )  (1 -  EO)-^ (2 sin 6 A - 2 cos 0 A3} . 
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Since Equat ions (5.25)  a r e  e a s i l y  i n t e g r a t e d  when E = 0 , assume 

s o l u t i o n s  of  t h e  form 

= A? + EA!  + € 2 ~ :  + ... . ( i  = 1 ~ . . . ~ 4 )  ( 5 . 2 6 )  'i 1 1 

F u r t h e r ,  s ince  only missions where I c e 1  < 1 can be cons idered ,  assume 

binomial  expansions for a l l  of  t h e  (1 - - terms which appear  i n  Equa- 

i o n s  (5 .24) .  Then, t h e  r e s u l t a n t  ze ro  and f i r s t - o r d e r  p e r t u r b a t i o n  equa- 

t s n s  are. 

dAz 

d0 4 
- -  - (-2 cos 8)h0 

( 5 . 2 7 )  

dAE 
- -  - 0 ;  
de 

and 

dA: 

dB 0 1  
- -  - (3/ho)At - [2h ho + 2 cos 8 A i  

+ 2 s i n  0 A: + 3eAE]/4ho 

0 0 
dh: 

d0 4 
- -  - (-2 cos e ) A 1  + [ho cos 0 AI - s i n 2 @  A2 

(5 .28)  

+ COS e s i n  e Al]/4 

d Ai 
dO 4 1 
~. - - ( - 2  s i n  O ) A 1  -i- [ h o  s i n  0 Ao -I- cos 8 s i n  e A; 

- cos20 A!]/4 
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Rote t h a t  t h e  o n l y  f i r s t - o r d e r  term which appears  on t h e  r ight-hand 

s i d e s  of Equat ions ( 5 . 2 8 )  is 

c o n t a i n s  o n l y  zero-order  terms on its r ight-hand s i d e .  

A i  ; and t h e  d i f f e r e n t i a l  equat ion  for A:l 

Because of t h i s  

p r o p e r t y ,  all o r d e r s  of s o l u t i o n  can be obta ined  by s imple  q u a d r a t u r e s .  

and An will 
3 

That is  t h e  nth-order p e r t u r b a t i o n  equat ions  for 
n depend upon 

An- 1 upon t h e  ( i  = 2 ,  3 )  i 

A4 , b u t  t h e  d i f f e r e n t i a l  equat ion  for A: w i l l  depend a t  most 

Assuming t = 0 = 0 and A . ( t  ) 5 Aio , t h e  zero-order equat ions  
0 0 1 0  

are e a s i l y  i n t e g r a t e d  t o  g i v e  

A: = 3AQ08/ho t Alo 

A; = -2A 40 s i n . 0  

(5.29) 

A i  
= 2Aq0(cos 0 - 1) -I- A 20 

Note t h a t  t h e s e  s o l u t i o n s  a l so  r e p r e s e n t  t h e  c i r c u l a r  c o a s t - a r c  m u l t i p l i e r  

s o l u t i o n s .  

S i n c e  t h e  s p e c i f i e d  boundary c o n d i t i o n s  are s a t i s f i e d  by t h e  zero-  

order s o l u t i o n ,  t h e  boundary c o n d i t i o n s  f o r  t h e  f i r s t  and h igher -order  per-  

t u r b a t i o n  equat ions  are /;?(o) = o (i = 1~.=.¶4; j = 1,2 ) . . . )  . 
1 

To o b t a i n  t h e  f i r s t - o r d e r  s o l u t i o n s ,  t h e  d i f f e r e n t i a l  equat ion  for. 

A; must be so lved  f irst .  T h i s  r e s u l t s  i n  
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Ai = -A 8 + ( A 2 o  - A / 2 ) s i n  6 + (1 - cos 6)A,+,/2 . (5.30) 40 30 

After s u b s t i t u t i n g  Equation (5 .30 )  i n t o  t h e  remaining equa t ions  o f  (5.281, 

t h e  f i r s t - o r d e r  equa t ions  can t h e n  b e  so lved  by s e p a r a t i o n  of v a r i a b l e s .  

Thus t h e  s o l u t i o n s  o f  Equations (5.251, t o  f i r s t - o r d e r  i n  E , a r e  

A1 - - A,, + 3AQ06/ho + ~ { ( 3 A , , / h ~  - A1,)8/2 

- 21A4082/(8h ) - 2A20sin 6/ho + 
0 

+ (4A40 - 2A30) (1 - COS 8)/hoI 

A2 = A20 - 2A40 s i n  8 + ~ { 3 A ~ ~ 8 / 8  + 

+ ( h  A 

(llA408 s i n  8)/4 - 5A20(sin 8 cos 8 ) / 8  

/4 - A20)sin 8 + 9A4,(cos 8 - 1)/4 
0 10 

+ 

- + 2 A 4 0 ( ~ ~ ~  8 - 1) + ~ { ( - 3 A ~ ~ / 4  + 3A30/8)8 '3 - '30 

+ (A2o - h A 

llA40(8 cos 8)/4 + (5A40/4 - 5A30/8)sin 6 cos 8 

/4) (cos 8 - 1) t 9A4,(sin 8)/4 
0 10 

- 

+ 5A2,(sin28)/8} 

A4 = A40+ &{-A 40 8 + (A4o - Ag0/2)sin 8 

+ A20(l - COS 6) /2 )  

Since  t h e s e  s o l u t i o n s  con ta in  s e c u l a r  terms, t h e i r  range of a p p l i c a -  

b i l i t y  i s  n o t  as g r e a t  as t h e  range  of a p p l i c a b i l i t y  for t h e  s t a t e  v a r i a b l e  

s o l u t i o n s .  The s e c u l a r  terms are  caused by t h e  (1 - cOIn - expans ions ,  and 

€or t h e  s o l u t i o n s  g iven  above t h e  expansions are about t h e  p o i n t  € 6  = 0 . 
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Sin,, 0 5 E O  < 1 

it is probable  t h a t  t h e  convergence can be improved by p i e c i n g ‘ t o g e t h e r  so- 

on t y p i c a l  m u l t i r e v o l u t i o n  t r a j e c t o r i e s  of long d u r a t i o n ,  

a9 
lUtiOnS obta ined  by us ing ,  for example, E 8  = 0 , .1 , .2  , ... , .9 as 

expansion p o i n t s ,  i n s t e a d  of j u s t  ~8 = 0 . A s  shown i n  Chapter  7 ,  t h e  so- 

l u t i o n s  of Equat ions (5 .31)  are good approximations t o  t h e  t r u e  s o l u t i o n s  for 

5 0 . 2 5  . 



CHAPTER 6 

COXPUTATIONAL COXSIDZRAT IONS 

In  ChaTter 7 ,  t h e  base  canonic  cons t an t  r e l a t i o n s h i p s  developed i n  

Chapters 3 and 4 are eva lua ted  a long  s e v e r a l  op t ima l  c i r c u l a r  o r b i t  t r a n s -  

fers  and opt imal  escape  t r a j e c t o r i e s .  

j e c t o r i e s  r e q u i r e s  t h e  numerical  s o l u t i o n  of  a two-point boundary va lue  

problem. There e x i s t  v a r i o u s  i t e r a t i o n  schemes for  s o l v i n g  t n e s e  problems, 

and Reference 2 2  d i s c u s s e s  t h e  r e l a t ive  merits of  s e v e r a l  d i f f e r e n t  i t e r a -  

t i o n  methods. Reference 22 a lso con ta ins  a r e p r e s e n t a t i v e  Bibl iography of 

t h e  many t e c h n i c a l  pape r s  w r i t t e n  on t h i s  s u b j e c t .  

The gene ra t ion  of t h e  op t ima l  t ra-  

I n  t h e  gene ra t ion  of t h e  op t ima l  t r a n s f e r  and escape t r a j e c t o r i e s ,  

irn?ortant t r e n d s ,  concerned with t h e  methods €or converging t h e  t ra jec-  

t o r i e s ,  became appa ren t .  

s e c a n t  method43 was very e f f e c t i v e  i n  t h e  convergence of  escape t r a j e c t o r i e s ,  

bu t  it was not  as ef f -ec t ive  as t h e  l i n e a r  p e r t u r b a t i o n  method22 i n  converging 

opt imal  c i r c u l a r  o r b i t  t r a n s f e r s .  

are d i scussed  i n  Sec t ions  ( 6 . 1 )  and (6 .2 ) .  

F o r  example, it was found t h a t  t h e  l i t t l e  pub l i c i zed  

The apparent  reasons  f o r  t h i s  d i f f e r e n c e  

6 . 1  Optimal- Low-Thrust Escape T r a j e c t o r i e s  

I n  Sec t ion  (3.11, necessary  cond i t ions  f o r  a Bolza problem i n  t h e  

c a l c u l u s  of v a r i a t i o n s  were s t a t e d .  For a time-optimal mission i n  which t h e  

only geometr ica l  boundary cond i t ion  a t  t h e  f i n a l  t i n e  i s  t h e  requirement ?tiat 

I I (*rr:~; T i t i  1 c ~ r t + ~ ~ ~ j : y  X I  i s  I y ~ l i c :  c:;c,ipc cr ic rgy  coritf i t i o n ,  I t t c  I r:irir;vcrxti 1 i I 11 

cclriditiclris , expressed i n  polar  coordinates, arc  
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1 0 J-!- 

f H ( t f )  - 1 = 0 
$1 

5 [X, - X3r2u/k] = 0 
$2 t, I 4t 

5 [ A 2  - X3r2v/k], = 0 
f $3 

The escape  cond i t ion  w i l l  be denoted by 

(6.1) 

The governing d i f f e r e n t i a l  equa t ions  are Hamilton’s equa t ions  f o r  t h e  

fo l lowing  Hamiltonian 

H = A,(v2/r - k / r 2 )  - A2uv/r + A u + X v / r  f , ( 6 . 3 )  
3 4 m 1  

The d i f f e r e n t i a l  e q u a t i o n s  have t h r e e  impor tan t  p r o p e r t i e s :  

( i )  A4 = 0 , which i m p l i e s  X = c o n s t a n t  f 0 s ince A 4 ( t f )  = 0 ; 
4 

( i i )  t h e  equa t ions  of motion only  c o n t a i n  t h e  Lagrange m u l t i p l i e r s  

( i i i )  t h e  d i f f e r e n t i a l  equa t ions  f o r  t h e  Lagrange m u l t i p l i e r s  form 

a l i n e a r  system, say  A = g ( x ) h  . 
Ey p rope r ty  ( i ) ,  t h e  i n i t i a l  va lue  of A b  is determined. P r o p e r t i e s  

(ii) and (iii) imply t h a t  i f  IJ , Q3 , Q4 , and $5 a re  s a t i s f i e d ,  t h e n  
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w h i c h  g e n e r a t e s  t h i s  t r a j e c t o r y .  Then, t h e  set  { C  A+: C ),:: C A+: 01  

g e n e r a t e s  t h e  op t ima l  t r a j e c t o r y  f o r  which 

i s ,  s i n c e  X = g ( x ) ~  is  a l i n e a r  system, t h e  s e t  {C  ~ . ( t > l i  = I,...,&; 

t 5 t S t > can be  formed by i n t e g r a t i n g  -(C A )  = g(x) (COX)  from 

0 10' 0 20' 0 30' 

= 0 ( i  = 1,...,5). That "i 

.-.. 0 1  
d 

0 f d t  o 

t t o  t I n  p a r t i c u l a r ,  a t  t f :  
0 

That i s ,  t h e  s t a t e  d i f f e r e n t i a l  equa t ions  are una f fec t ed  when t h e  Lagrange 

m u l t i p l i e r s  are s c a l e d .  

S ince  op t ima l  low- thrus t  escape  t r a j e c t o r i e s  are r epu ted  t o  be d i f -  

f i c u l t  t o  converge,  t h e  l i n e a r  p e r t u r b a t i o n  emthod was f i r s t  employed 

t o  form t h e  s o l u t i o n s .  Th i s  method invo lves  t h e  i n t e g r a t i o n  of twice t h e  

I i I i l i i I , ' . r *  r j I  ~ ~ , i v ~ ~ i i  t I  i I I . ( , r v : i . i \ . i t i  I c ~ ~ i l l ~ l I . i o n : ;  ( i  .I!. , I . I I ( ~  ! ~ , ~ V C \ I I  ( : C \ \ ~ ~ I I  ioii:: , t i i l l  I I11 . i  1 8  

v#ii?id.L-.ioi.iaI equat ions)  , and ctlso requires a guess for t h e  final. riiric ot tilt: 

t r a j e c t o r y .  M i t h  very  low- thrus t  , t h i s  method was n o t  t o o  s u c c e s s f u l .  



1 G b  

f"- G;zc~o:71zs - w i t n  c i r c u l a r  i n i t i a l  c o n d i t i o n s ,  &in a l t e r n a t e  z e t b c d  whicrl 

- -  Lakes aSvaiitag;2 of t h i s  knowledge was em?loyed. This  method, t h e  secar , t  
e%- 

zt ' thod, is less complex than  The l i n e a r  p e r t u r b a t i o n  i~tET?;OG sines: ir Ci-11.1 

T : ~ : I s ,  no f i n a l  t i m e  e s t i m a t e  needs t o  be g iven ,  and it invo lves  t h e  gues- 

: : : : g  05  o n l y  two i n i t i a l  Lagrange m u l t i p l i e r s .  The secan t  method proved t o  

55 very  s u c c e s s f u l  i n  t h e  gene ra t ion  of very  l o w - t h u s ;  op t imal  escape t r a -  

S e c t o r i e s .  

The procedure fol lowed i n  apply ing  t h e  s e c a n t  method t o  t h e  escape 

problem w i l l  now be o u t l i n e d .  F i r s t  o f  a l l ,  t h e  i t e r a t i o n  of f i v e  f i n a l  

c o n d i t i o n s  was reduced t o  a second-order  i t e r a t i o n  scheme by: (1) termin-  

* 9 . - I -  .- i'-- --I--- Ll-e - - - -no , - m - A , i - > n n  ;,,=,c c = r ~ c + , p n :  
e.*------ - - -  u c l r l g  C I 1 b  l l U l l l r L  AYU... A.. *..+ 

( 2 )  r e q u i r i n g  X f 0 ; and ( 3 )  u s i n g  t h e  p rev ious ly  d i scussed  l i n e a r  system 

property, which is e q u i v a l e n t  t o  s p e c i f i c a t i o n  o f  one of t h e  i n i t i a l  Lagrange 

4 

m u l t i p l i e r s .  

S ince  it is well-known t h a t  op t imal  escape t r a j e c t o r i e s  are c l o s e l y  

approximated by c i r c u m f e r e n t i a l  t h r u s t  programs ( i . e . ,  c1 = 0 )  for t h e  i n i -  

t i a l  p o r t i o n  of t h e i r  t r a j e c t o r i e s ,  t hen  

X1o ~ 

X20 
t a n  c1 = - L 0. 

0 

A:; noted above, a = 0 should b e  a good approximation for t h e  In iL i ; i l  

? j o = i C j o T l  of the t r a j e c t o r y .  T'iius, a gocd first guess  should  invo lve  t h e  a-,sum:;1- 

x;.on A1(r) 0. Consider the d i f f e ren -c i a1  equa t ion  for x * 1' 
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X1 = - A  + X2v/r . 3 

To keep Xl(t)  I: 0 , t hen  Xl0  ," 0 , so 
c* 

v / r  " 0 .  -'30 + '20 o o 

is g iven  by 
' 3 0  

Since = 1 i s  assumed, an i n i t i a l  guess f o r  

A30  vo/ro . ( 6 . 5 )  

Thus, 

r e p r e s e n t s  a s e t  of  first guesses  f o r  t h e  i n i t i a l  Lagrange m u l t i p l i e r s .  

The f i r s t  guesses  of Equation ( 6 . 6 )  needed a s l i g h t  mod i f i ca t ion  

s i n c e  t h e  t r a j e c t o r i e s  " s p i r a l e d  in"  ( i n s t e a d  o f  going o u t )  wi th  t h e s e  

guesses .  

f o r  $ , i . e . ,  

The reason for t h i s  i s  apparent  from t h e  d i f f e r e n t i a l  equat ion  

= 0 , t h e  r a d i u s  developed a l a r g e  o s c i l l a t i o n .  I n t u i t i o n  By r e q u i r i n g  

would l e a d  one t o  b e l i e v e  t h a t  t h i s  i s  a nonoptimal effect .  

l a t i o n  i s  due to t h e  f ac t  t h a t  t h e  t r a j e c t o r y  s t a y s  n e a r - c i r c u l a r  condi t ions  (i. 

e .  , v2 = k/r) f o r  t h e  i n i t i a l  p o r t i o n  of  t h e  t r a j e c t o r y  and t h u s  t h e  (v2 - k / r )  

/r term i n  Equat ion ( 6 , 7 ) ,  which i s  dominant s i n c e  

about c i r c u l a r  c o n d i t i o n s .  

'10 

This  l a r g e  o s c i l -  

Xl( t )  0 , i s  o s c i l l a t i n g  

Th i s  cond i t ion  can be ave r t ed  by assuming a smal l ,  



nonzero va lue  for A10 so t h a t  t h e r e  w i l l  some i n t e r a c t i o n  between t h e  

g r a v i t a t i o n a l  and t h e  t h r u s t i n g  terms i n  Equation ( 6 . 7 ) .  Then . the  r a d i a l  

v e l o c i t y  w i i l  be small ,  and t h e  r a d i u s  w i l l  be  a slowly-varying, well-be- 

is a va lue  which makes u Z haved f u n c t i o n .  A good first guess for 

20.5  . Table  1 p r e s e n t s  t h e  op t ima l  i n i t i a l  m u l t i p l i e r s  and t r a n s i t  t imes  

‘10 0 

0 

for v a r i o u s  va lues  of t h r u s t .  

For some mis s ions ,  t h e  f i n a l - v a l u e  o f  t h e  range a n g l e ,  8 , is  i m -  

; ?or tan t .  

i f  t h e  i n i t i a l - v a l u e  of t h e  range  a n g l e  is  unimportant.  

The a n a l y s i s  developed above is s t i l l  a p p l i c a b l e  t o  such miss ions  

For example, sup- 

pose 8 i s  t h e  d e s i r e d  f i n a l - v a l u e  of 8 , and 8 ( t f )  # 8 is t h e  f i n a l -  
C C 

va lue  of 8 on an opt imal  t r a j e c t o r y  wi th  @ ( t o )  = €lo. Then, t h e  d e s i r e d  

opt imal  t r a j e c t o r y  can be  determined by a r o t a t i o n  i n  0 def ined  by A0 = 

0 - O(t,) . Thus, for t h i s  case, t h e  i n i t i a l - v a l u e  of 8 w i l l  now be 
u * 

An i n d i c a t i o n  of t h e  accuracy  o f  t h e  numer ica l  i n t e g r a t i o n  scheme 

can be  ob ta ined  by a d j o i n i n g  a m u l t i p l i e r  for t h e  mass t o  t h e  Hamiltonian, i . e . ,  

and numer ica l ly  i n t e g r a t i n g  t h e  d i f f e r e n t i a l  equa t ion  for 

t ime does n o t  appear  e x p l i c i t l y  i n  t h e  new Hamiltonian, , it w i l l  be a 

cons t an t  of t h e  motion. The number of d i g i t s  which Hf: ho lds  ove r  t h e  en- 

t i r e  t r a j e c t o r y  g i v e s  an i n d i c a t i o n  of t h e  accuracy of t h e  numer ica l  i n t e g r a -  

t ion 2roccdure .  

A 5  . Then, s ince 

Concluding tliis s e c t i o n ,  it appea r s  t h a t  t h e  ri‘ason for t h e  succcss  of 

T h e  s ecan t  met’riod was due t o  t h e  r e l a t i v e  weakness of t h c  tc.:?,,.. L l a l  gcomct rl <*ai 

c o n s t r a i n t s  on t h e  problem. 

cond i t ion  was t h e  escape c o n d i t i o n ,  i . e . ,  

That is, t h e  only  t e r m i n a l  geometr ica l  houndni-y 

u2 i- v? - 2 k / r  = 0 . In cor!ti%st, f j- f 
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t h e  s e c a n t  method was i n e f f e c t i v e  when app l i ed  t o  t h e  problem o f  t h e  next  

s e c t i o n  which invo lves  t h r e e  t e r m i n a l  geomet r i ca l  c o n s t r a i n t s .  

6 . 2  Optimal C i r c u l a r  Orb i t  T r a n s f e r s  rx. 

The only d i f f e r e n c e  between t h e  formula t ions  f o r  t h e  opt imal  escape 

t r a j e c t o r y  and t h e  opt imal  c i r c u l a r  o r b i t  t r a n s f e r  t r a j e c t o r i e s  is  t h e  spec- 

i f i c a t i o n  of t e r m i n a l  boundary cond i t ions  and t h e  r e s u l t a n t  t r a n s v e r s a l i t y  

cond i t ions .  The t e r m i n a l  geomet r i ca l  boundary cond i t ions  f o r  a c i r c u l a r  

o r b i t  t r a n s f e r  are 

- $1 = r ( t f )  - rc = 0 

q2 z U ( t f )  = 0 

9, 
f v(t ,)  - ( k / r c )  k = 0 . 

The remaining t e r m i n a l  c o n d i t i o n s  are given by t h e  t r a n s v e r s a l i t y  cond i t ions  

E H ( t f )  - 1 = 0 *4 *, E X4(t f )  = 0 . (6.10) 

The governing d i f f e r e n t i a l  equa t ions  are t h e  same as i n  Sec t ion  6 .1  and s i n c e  

A G 0 , t h e n  = 0 is de f ined  f o r  t h e  i t e r a t i o n  scheme. 
'40 4 

A s  a r e s u l t  o f  t h e  success  o f  t h e  s e c a n t  method i n  de te rmining  t h e  op- 

t imal escape  t r a j e c t o r i e s ,  t h e  s e c a n t  method was app l i ed  t o  t h e  opt imal  t r a n s -  

fer problem. I t  was found t h a t  when $2 (o f  E q s .  ( 6 . 9 ) )  w a s  n o t  n e a r  zero 

on an i t e r a t e ,  t h e  s e c a n t  method u s u a l l y  would no t  converge t h e  t r a j e c t o r y .  

Thus, t h e  l i n e a r  p e r t u r b a t i o n  method was employed. Th i s  method proved t o  be 

more e f f e c t i v e  than  t h e  secan t  method, b u t  j u d i c i o u s  guesses  f o r  t h e  i n i t i a l  

m u l t i p l i e r s  and f i n a l  t ime were necessary  f o r  convergence. 

A s  a f i r s t  guess, t h e  a ( t )  0 assumption was used t o  guess  t h e  

i n i t i a l  m u l t i p l i e r s .  A f t e r  a few unsuccess fu l  a t t e m p t s ,  t h e  t e n  pound 
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t h r u s t  case  was f i n a l l y  converged. Then, it was a r e l a t i v e l y  s imple  manner 

t o  s t e p  down ( i n  increments  of  one pound o f  t h r u s t )  t o  t h e  f i v e  pound case. 

30th t h e  escape and t r a n s f e r  ana lyses  were determined only  f o r  t h r u s t  f o r c e s  

ranging from t e n -  t o  five-pounds s i n c e  t h e  five-pound t r a j e c t o r i e s  were a l -  

ready r equ i r i r , g  i n  t h e  neighborhood of one m i l l i o n  seconds,  r ea l  t i m e .  

I n  a l l  of t h e  c i r c u l a r  o r b i t  t r a n s f e r s ,  e f f e c t i v e  use  was made of  

t h e  approximate s o l u t i o n s  of Chapter 5. 

t h e  f i n a l  time, which was determined by a s imple  Newton's i t e r a t i o n  on 

Equat ions ( 5 . 5 1 ,  was always w i t h i n  1.0% o f ' t h e  opt imal  t r a n s f e r  time. 

The second-order approximation of 

This  

a ided  t h e  convergence p r o p e r t i e s  of t h e  l i n e a r  p e r t u r b a t i o n  method consid-  

e rab ly .  

(a long  wi th  t h e  approximate t r a n s i t  times given by t h e  a n a l y s i s  of Chapter 5 )  

for  s e v e r a l  va lues  of  t h r u s t  and s p e c i f i c  impulse.  

Table  2 l ists  t h e  opt imal  i n i t i a l  m u l t i p l i e r s  and t h e  t r a n s i t  t imes  
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QtJALI'I'AT I VC ASP1:CTS OF OPT1 MAL LOW-THRUST TRAJECTORIES 

* 

I n  t h i s  c h a p t e r  c e r t a i n  q u a l i t a t i v e  a s p e c t s  of t h e  s o l u t i o n s  formed 

i n  Chapters 3 ,  4 ,  and 5 w i l l  be  d i scussed .  The canonic  v a r i a b l e s  which 

we--2 developed i n  S e c t i o n s  (3 .3)  and (4 .2 )  are eva lua ted  a long  r e p r e s e n t a -  

t i v e  op t ima l  t r a j e c t o r i e s .  

(7 .1 )  and ( 7 . 2 )  and d i sp layed  g r a p h i c a l l y  i n  F igu res  4 through 13 .  These 

e v a l u a t i o n s  a l s o  g i v e  an i n d i c a t i o n  of t h e  f u n c t i o n a l  form of t h e  canonic  

The r e s u l t a n t  t r e n d s  are  d i scussed  i n  Sec t ions  

p e r t u r b a t i o n  equa t ions  wi thout  performing t h e  t e d i o u s  development of t h e  

equat ions .  

I n  S e c t i o n  (7 .3 )  t h e  non-Hamiltonian s o l u t i o n ,  which was developed 

i n  ChaDter 5 ,  is d i scussed .  F igu res  1 4  through 25 compare t h e  approximate 

. s o i ~ t i o n  wi th  t h e  t r u e  c i r c u m f e r e n t i a l  and t r u e  op t ima l  s o l u t i o n s .  Th i s  

a n a l y s i s  v e r i f i e s  t h e  c o n j e c t u r e  t h a t  t h e  c i r c u m f e r e n t i a l  states and mul- 

t i p l i e r s  are good approximations t o  t h e i r  op t ima l  c o u n t e r p a r t s  i n  mul t i r ev -  

o l u t i o n ,  low- thrus t  miss ions .  

7 .1  The Canonic Cons tan ts  of t h e  Coast-Arc Problem - 
I n  t h i s  s e c t i o n  t h e  canonic  v a r i a b l e s  d e f i n e d  by E q s .  (3.671, (3.691, 

and (3 .72)  w i l l  be  d i scussed .  

(3.721, < . e . ,  

F i r s t  n o t e  t h a t  t h e  first equa t ion  of E q s .  

- 
- 94 (7 .1 )  

where a 3 0 , is  n o t  a cons t an t  of t h e  motion for t h e  coas t - a rc .  The 

reason for t h e  nonconstanr c h a r a c t e r  of  

"4 

B1 was d i scussed  p rev ious ly  ( see  

111 
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?age 5 7 ) .  S ince  t h e  Hamiltonian €or t h e  coas t - a rc  -,roblem i n  t h e  { a ,  E ) -  

sy:.;em is j u s t  H = a , ther: 
0 1 

* 

Thus, a canonic  c o n s t a n t ,  

r e s u l t  is t r i v i a l ,  i . e .  , 
sequence o f  t h e  a r t i f i ce  involved  i n  t r e a t i n g  t h e  independent parameter  

bl , can be  e a s i l y  formed from E q .  ( 7 . 1 )  and t h e  

The t r i v i a l i t y  of t h i s  r e s u l t  is a con- bl E 0 . 
( 0 )  

as a coord ina te .  

As noted i n  Sec t ion  (3.41, t h e  s e t  {al, ... , a5}  is wel l -def ined  f o r  

bo th  t h e  hype rbo l i c  and p a r a b o l i c  cases as w e l l  as f o r  t h e  e l l i p t i c  case. 

Thus, s i n g u l a r i t y  d i f f i c u l t i e s  a r e  n o t  encountered wi th  t h e s e  v a r i a b l e s .  

p layed  i n  F igs .  4 through 7 .  The t i m e  ra te  of change of  ct ( E  e sinw) is 

n o t  shown s i n c e  i ts  behavior  is similar t o  ci (E e cosw). 

4 

3 

Figure  4 e x h i b i t s  t h e  behav io r  of c1 t h e  base Kamiltonian, a long  1' 
t h e  op t ima l  f ive-pound- thrus t  t r a n s f e r .  

pound-thrust  escape  is  similar t o  ct of Fig.  4 for t h e  first 9 x 1 0  sec -  

onds of t h e  t r a j e c t o r y ,  and t h e n  ci 

func t ion  u n t i l  t h e  end of t h e  t r a j e c t o r y  ( r each ing  a minimum value  o f  -160,000). 

The behavior  a long  t h e  op t ima l  f i v e -  

5 
1 

becomes a monotonical ly  dec reas ing  1 

This  change i n  c h a r a c t e r  of 01 on t h e  escape t r s t j ec to ry  is probably due t o  

r h e  r educ t ion  i n  s t r e n g t h  of t h e  g r a v i t y  f o r c e ,  wi th  r e s p e c t  t o  t h e  t h r u s t  

1 

f o r c e ,  as t h e  r a d i u s  i n c r e a s e s .  Near t h e  escape cond i t ion  r h e  g r a v i t y  and 

thrust f o r c e s  are of t h e  same o r d e r  of magnitude, so  t h e  t h r u s t  is n o  longer  

=ti sm;tll-pardrncter. Although a is an osc i l l c i to ry  func-tion t h e  mcm value  

of t h e  fur ic t ion is very slowly varying, and t h e  ampli tude of  t h e  o s c i . l l a t i o n  

1 

is r e l a t i v e l y  small for t h e  major por:ion of t h e  t r a j e c t o r y .  
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The angu la r  momentum v a r i a b l e ,  a , ( a c t u a l l y ,  01 d i f f e r s  from 

I n  t h i s  

2 2 

t h e  c lass ica l  angu la r  momentum by k-’) is d i sp layed  i n  Figure 5. 

case t h e  ten-pound-thrust  case is shown a l s o .  T h i s  demonstrates t h e  ex- 

petted r e s u l t  t h a t  a h i g h e r  t h r u s t  l e v e l  causes  a more r a p i d l y  vary ing  
+ 

v a r i a b l e .  However, t h e  f u n c t i o n a l  forms o f  t h e  t w o  ca ses  are almost iden- 

t i c a l ,  and t h i s  p rope r ty  is  t r u e  for t h e  o t h e r  v a r i a b l e s  as w e l l .  Thus, 

t h e  ten-pound-thrust  case i s  only  p re sen ted  when t h e  c l a r i t y  o f  p r e s e n t a t i o n  

i s  n o t  a f f e c t e d .  I n  bo th  cases 01 i s  a monotonically i n c r e a s i n g ,  nonos- 

c i l l a t o r y  v a r i a b l e .  

2 

A p a r t i a l  t i m e  h i s t o r y  o f  01 for t h e  c i r c u l a r  o r i b t  t r a n s f e r  i s  3 

shown i n  F ig .  6. I n  F igs .  16 and 17  t h e  dashed-curves r e p r e s e n t  t h e  com- 

p l e t e  t i m e  h i s t o r i e s  of a for bo th  t h e  t r a n s f e r  and escape  t r a j e c t o r i e s .  

Although 01 remains small for t h e  e n t i r e  t r a n s f e r  and for t h e  major por- 

3 

3 
~. 

1 . 1 n r 1  OT I ri;? e.sc:rlne T ~ A ~ P C * I O P ~ ~ -  I - L  I S  r ~ i i  ( ~ S C I L ~ ~ L C : ~ ~ V  ~ L ~ I I C L I U L I  w i L i i  I J I C J I I U L U I I I -  

e 

c a l l y  i n c r e a s i n g  ampl i tude  and pe r iod .  The i n c r e a s e  i n  p e r i o d  is  due t o  

t h e  fact  t h a t  as t h e  r a d i a l  d i s t a n c e  of t h e  v e h i c l e  i n c r e a s e s ,  a complete 

r e v o l u t i o n  about t h e  c e n t r a l  body t a k e s  a longe r  amount of time. Thus, t h e  

in s t an taneous  o r b i t a l  parameters  become more s lowly  va ry ing ,  and i n  p a r t i c -  

u l a r ,  t h e  argument o f  p e r i h e l i o n  (which is  t h e  major cause of t h e  r a p i d  

o s c i l l a t i o n )  does n o t  change as fas t .  A s  p rev ious ly  mentioned, t h e  q u a l i -  

t a t i v e  behavior  o f  a is  similar t o  t h a t  o f  01 3 .  

5 

4 

I n  F ig .  7 t h e  t o t a l  t ime h i s t o r i e s  of a are shown. These slowly- 

va ry ing ,  n e a r - l i n e a r  cu rves  i n d i c a t e  t h e  v a l i d i t y  of t h e  cons t an t  mass assump- 

- t i o n  i n  low- thrus t  ana lyses .  That i s ,  s i n c e  a5 = A5 and 

dA5 - - a H  a H  a m  - . aH 
d t  a t  a m  a t  o a m  ’ - m  - I _ -  - =  - - - -  



114 

i f  io i s  small, then  A5 should be s lowly varying.  Also n o t e  t h a t  

CY. ( t  -1 f o r  each t r a j e c t o r y .  Th i s  i s  a consequence o f  a t r a n s v e r s a l i t y  5 f  

condi t ion  for v a r i a t i o n a l  problems i n  which t h e  f ina l .  t i m e  i s  unspec i f i ed  ( e .  

g . ,  see t h e  first equat ion  of  Eqs. (6 .1 )  and Eqs. (6 .10) ) .  
a 

A t  t h e  escape c o n d i t i o n ,  t h e  in s t an taneous  s t a t e  o f  t h e  v e h i c l e  de- 

f i n e s  a p a r a b o l i c  o r b i t ,  i . e . ,  u n i t  e c c e n t r i c i t y .  Thus, 

a2 + a2 = 
3 4 

e2cos2u + e2 1 .  

Therefore ,  

1-CY.*-CY.2 = 0 .  (At escape . )  3 4 

Insepc t  ion  of  t h e  {Bl, . . . ,B5) - s e t ,  de f ined  by Eqs. ( 3 . 7 2 ) ,  shows t h a t  t h e  

and B5 equa t ions  c o n t a i n  ( 1  - a2 - a 2 )  - terms i n  t h e  de- B2 ¶ 8, Y B4 3 3 4 
nnrnin>+r\-,- -4- i-k- k--d - : a n m  ,c ch-:n ....r.-+:cnm T P h 3 . m  +7-,. I a i --+ 

v 2 

must be r e s t r i c t e d  t o  e i t h e r  e l l i p t i c ,  p a r a b o l i c ,  or hyperbo l i c  cond i t ions .  

A p a r t i a l  t i m e  h i s t o r y  of  B2 f o r  t h e  c i r c u l a r  o r b i t  t r a n s f e r  i s  

presented  i n  Fig.  8. appears  l i n e a r l y  i n  t h e  r ight-hand s i d e  of t h e  $,- 

express ion .  Thus, B, i s  "generated" by A1 . Figures  20 and 21 show t h a t  

Al i s  a monotonical ly  dec reas ing  func i ton  f o r  t h e  major po r t ion  of  bo th  t h e  

t r a n s f e r  and escape t r a j e c t o r y ,  and Fig.  8 shows t h a t  

i n c r e a s i n g  f u n c t i o n .  Contrary t o  i n t u i t i o n ,  Al is a more s lowly-varying 

f u n c t i o n  than  B, . 
f o r  Al and B, are o f  t h e  g e n e r a l  form 

A, 

B2 is  a monotonical ly  

That i s ,  it appears  t h a t  s i n c e  t h e  d i f f e r e n t i a l  equat ions  

( 7 . 3 )  
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t h e n ,  i n  analogy wi th  t h e  s t a t e  equa t ions ,  i n t u i t i o n  would l e a d  one t o  

b e l i e v e  t h a t  B, should be more s lowly  vary ing  than  A1 s i n c e  t h e  t o t a l  

r igh t -hand s i d e  o f  i t s  d i f f e r e n t i a l  equat ion  i s  m u l t i p l i e d  by t h e  small-pa- 

. However, t h e  r ight-hand s i d e s  o f  E q s .  (7 .3)  do n o t  r e p r e s e n t  T rameter - m 

f o r c e s / u n i t  mass and, t h u s ,  t h e  same argument does not  apply.  For example, 

-u 

nea r  t h e  midpoint of  t h e  f ive-pound- t ransfer  

2 ( ( 6  x 10-3)A1 - 30(A2cos€l + A3sin€l)} + (1 .5  x 104)A4 , dAl 
(7.4)  - 

dB 

'I' where { .  - } con ta ins  - and (1 .5  x 104)A4 does no t .  From Figs .  2 0 ,  2 2 :  

and 24, Al 2 5 x l o 9  , A2 2 x l o 4  , and A4 ztr500 . Since  A3 i s  of 

t h e  same o r d e r  o f  magnitude as 

m 

A2 , E q .  (7 .4 )  becomes 

- .I -. ( 3  x l o 7  ztr6 x l o 5 }  28 x l o 6  . dAl 
3- 
U Y  

Thus, t h e  t h r u s t  p o r t i o n  i s  a c t u a l l y  g r e a t e r  t han  t h e  non th rus t  p r o t i o n  of 

t h e  equa t ion .  Also, s i n c e  t h e  non th rus t  p o r t i o n  can be nega t ive ,  t h e  t o t a l  

rate o f  change may be less than  t h e  t h r u s t  ra te  o f  change a lone .  This  

h e u r i s t i c  argument accounts  f o r  t h e  more r a p i d  va r i ance  of B 2  ( a s  opposed 

t o  A l l .  

B3 ' The t h i r d  equat ion  o f  Eqs. (3 .72)  shows t h a t  A2  " gene ra t e s  " 

and t h e  t i m e  h i s t o r i e s  o f  t h e s e  v a r i a b l e s  are presented  i n  F igs .  9 ,  22,  and 

23. Both A2 and B3 a r e  o s c i l l a t o r y  f u n c t i o n s  wi th  i n c r e a s i n g  pe r iods  of  

o s c i l l a t i o n .  

v a r i e s  more s lowly than  t h e  mean-value of 

fact  t h a t  

c o n d i t i o n s ,  and,  t h u s ,  8, s t a y s  n e a r  B ( t  ) u n t i l  t h e  c h a r a c t e r  of t h e  

t r a j e c t o r y  begins  t o  change (i .  e .  , d e v i a t e  from ve ry -nea r -c i r cu la r  cond i t ions  ) . 

@3 
For t h e  first h a l f  of bo th  t r a j e c t o r i e s ,  t h e  mean-value of  

A2 . This  i s  probably due t o  t h e  

B g  is  a canonic  cons t an t  f o r  t h e  c o a s t - a r c  de f ined  by t h e  i n F t i a l  

3 0  
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Then, f o r  t h e  second h a l f  of both t r a j e c t o r i e s ,  t h e  ampli tude of  o s c i l l a t i o n  

of 8, becomes g r e a t e r  than  t h e  ampli tude of 

case wi th  AI and 6, mentioned above. 

I n  Fig.  1 0 ,  a p a r t i a l  t ime h i s t o r y  o f  

e r a t e d  by t )  is e x h i b i t e d .  Note t h a t  f o r  t h e  

more s lowly vary ing  than  t ( i . e . ,  -t vs .  

o s c i l l a t i o n  of  A2 , as was t h e  

.w 

6, ( t h e  canonic  v a r i a b l e  gen- 

first 200,000 seconds s5  is 

t is  rep resen ted  by t h e  dashed 

curve f o r  comparison).  

n e a r  c i r c u l a r  cond i t ions .  This  fact  can be v e r i f i e d  by cons ide r ing  t h e  

r e l a t i o n  

Th i s  i s  because t h e  s t a t e  o f  t h e  v e h i c l e  i s  s t i l l  very 

B5 - 

and t h e  t ( 0 )  r e l a t i o n  for a circular o r b i t ,  i . e . ,  

t = h3ke . ( c i r c u l a r  c o n d i t i o n s ;  t = 8 = 0) 
0 0 

That i s ,  6, i s  e s s e n t i a l l y  "generated" by t h e  c i r c u l a r  t ( 8 )  r e l a t i o n s h i p ,  

so it is s lowly  vary ing  when t h e  e c c e n t r i c i t y ,  e , is very s m a l l  ( ? . e . ,  near -  

c i r c u l a r  cond i t ions  ). 

Concluding t h i s  s e c t i o n ,  t h e  ( a ,  6 )  - s e t  r e p r e s e n t s  a wel l -def ined  

set of v a r i a b l e s  f o r  missions wi th  in s t an taneous  e l l i p t i c a l  ( i n c l u d i n g  c i r c u -  

l a r )  cond i t ions .  The d i f f e r e n t i a l  equa t ions  i n  t h e  ( a ,  6) - system f o r  any 

space mission invo lv ing  an inverse-square  g r a v i t y  f i e l d  and a t h r u s t i n g  f o r c e  

w i l l  be  o f  t h e  form 

A s  d i scussed  above, t h e  new s t a t e  r e l a t e d  v a r i a b l e s  w i l l  be more slow1y varying 

T than  t h e  o r i g i n a l  s t a t e  v a r i a b l e s  i f  - i.s sma l l ,  whereas t h e  new m u l t i p l i e r  
in 

r e l a t e d  v a r i a b l e s  do no t  n e c e s s a r i l y  possess this c h a r a c t e r i s t i c .  



t h e  in s t an taneous  e c c e n t r i c i t y  is  small. %F t h e  t o t a l  op t ima l  t r a n s f e r  and 

for t h e  major p o r t i o n  of t h e  opt imal  escape t r a j e c t o r y .  

I n  Fig.  11 t h e  optimal. c o n t r o l  angle histories for f o u r  r e p r e s e n t a t i v e  

miss ions  are shown. On each of t h e s e  missions t h e  c o n t r o l  i s  an o s c i l l a t o r y  

func t ion  wi th  i n c r e a s i n g  per iod  and amplitude.  On t h e  opt imal  t r a n s f e r s  t h e  

mauniti ide of t h e  c o n t r o l  is never g r e a t e r  than  3 5 " ,  and a lower t h r u s t  l e v e l  

i m p l i e s  a s m a l l e r  maximum value  for t h e  c o n t r o l  ( i . e . ,  il more n e a r l y  circum- 

f e r e n t i a l  t h r u s t  o r i e n t a t i o n ) .  

escapes  s t a y s  less than 10" for t h e  major p o r t i o n  of the t r a j e c t o r i e s .  

s h a r p  "swing-out" of t h e  c o n t r o l  n e a r  t h e  escape cond i t ion  is due t o  t h e  

tendency of t h e  op t ima l  t r a j e c t o r y  t o  go t o  r a d i a l  t i i r u s t  a t  escape. 

p r o h b l e  reason tliat t h e  escape  program is c loser  t i l , i i i  t i i t ?  tr*<irts f e r  proj7,r;lm 

t o  c i r c u m f e r e n t i a l  t h r u s t  is t h a t  t h e  g e o n e t r i c a l  c o n s t r a i n t s  on t h e  t r a n s f e r  

a r e  more r i g i d .  

problem u s u a l l y  i n p l i e s  a more complex clptimal c o n t r o l  law. 

The magnitude of t h e  c o n t r o l  on t h e  o p t i m a l  

The 

The  

That is ,  a g r e a t e r  number of georrietrical c o n s t r a i n t s  on t h e  

The maximum va lues  of t h e  range a n g l e ,  0 , on t h e  op t ima l  t r a j e c t o r i e s  

a r e  shown i n  F igs .  12a and 12b. I n  each of t h e s e  c a s e s ,  t h e  i n e q u a l i t y  'I > c b  

is s a t i s f i e d .  S ince  € 0  approaches 1 on each ol' ilicse m i s s i o n s ,  'I r,ood 

approximation for t h e  number of r e v o l u t i o n s ,  n , that  a m u l t i r e v o l u t i o n  low- 

t h r u s t  t r a j e c t o r y  t akes  is 
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( 7 . 5 )  
- 1  n - -  2lT€ 

Figures  16 and 1 7  i n d i c a t e  t h e  e c c e n t r i c i t y  va lues  a long  t y p i c a l  

op t imal  t r a j e c t o r i e s  s i n c e  q e cosw . On t h e  ap t ima l  t r a n s f e r ,  e < 0 . 1  

f o r  t h e  e n t i r e  t r a j e c t o r y ;  and on t h e  opt imal  escape ,  e < 0 . 1  f o r  approxi-  

mately 80% of  t h e  t r a j e c t o r y .  

The t i m e  r a t e s  o f  change of  t h e  { A ,  B} - s e t ,  developed i n  Sec.  ( 4 . 2 ) ,  

a long  op t ima l  t r a j e c t o r i e s  w i l l  now be d iscussed .  F i r s t ,  cons ide r  Fig.  4 which 

e x h i b i t s  a p a r t i a l  t i m e  h i s t o r y  o f  

pound-thrust  t ransfer .  The c h a r a c t e r  o f  A on t h e  f ive-pound-thrust  escape 

is s imilar ,  and A1 becomes unbounded a t  escape s i n c e  it depends on Bits 

which are undefined a t  escape .  The scale f o r  A1 is t e n  times g r e a t e r  t han  

t h e  scale f o r  a 

A t  d e v i a t e s  only s l i g h t l y  away from t h e  base  va lue  ( i . e . ,  A l ( t o ) ) .  When 

compared wi th  a , both  curves  are o s c i l l a t o r y  wi th  similar pe r iods  o f  o s c i l -  

l a t i o n .  However, s i n c e  t h e  scale f o r  A1 i s  t e n  times g r e a t e r  t han  t h e  scale 

AI ( t h e  base  Hamiltonian) f o r  t h e  f i v e -  

1 

Thus, f o r  t h e  f irst  400,000 seconds of t h e  t r a j e c t o r y  1 '  

1 

A1 f o r  a , t h e  mean-value o f  a v a r i e s  more r a p i d l y  than  t h e  mean-value o f  1 1 

and t h e  ampli tude o f  o s c i l l a t i o n  of  a i s  g r e a t e r  t han  t h e  ampli tude o f  os- 1 

c i l l a t i o n  o f  A1 . Near t h e  end of t h e  t r a j e c t o r y ,  t h e  ampli tude of  A1 becomes 

l a r g e r  t h a n  t h e  ampli tude o f  1 '  CI 

I n  Fig.  5 t h e  t o t a l  time h i s t o r i e s  o f  A5 f o r  both t h e  f ive-and t en -  

pound cases are p resen ted .  These curves  show t h a t  A 5  i s  more s lowly vary ing  

than  i t s  comparable v a r i a b l e ,  a 

n e a r l y  c o n s t a n t .  

t i o n s  of  op t imal  c i r c u l a r  o r b i t  t r a n s f e r s .  

Furthermore , f o r  t h e  t r a n s f e r ,  A 5  is  2 -  

This  fac t  may be of  g r e a t  use  i n  f u t u r e  a n a l y t i c  i n v e s t i g a -  

A, = R, , and A4 = Q , t h e s e  v a r i a b l e s  w i l l  n o t  be 

d iscussed  h e r e .  F o r  a d i scuss ion  of t h e s e  v a r i a b l e s ,  s e e  t h e  prev ious  s e c t i o n .  

A l s o ,  t h e  Hamilton-Jacobi s o l u t i o n  of Sec. (4 .2 )  r e s u l t s  i n  t h e  equ i l ib r ium 

3 ,  3 5 Since  A2 = B 
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s o l u t i o n  s o  t h a t  

B~ = e - ~ ~  = e - e  o 

g ives  a t r i v i a l  r e l a t i o n s h i p .  6s. 

Each o f  t h e  v a r i a b l e s  B2 , B3 , B4 , and B5 depends upon an 

approximate e v a l u a t i o n  of t h e  i n d e f i n i t e  i n t e g r a l  

def ined  by E q .  (4 .41) .  The e v a l u a t i o n s  r e p r e s e n t e d  i n  F igs .  6 ,  8 ,  and 10  

were determined by i n t e g r a t i n g  E q .  ( 7 . 6 )  a f te r  expanding t h e  in t eg rand  about 

€ 6  = 0 . The B.'s were then  eva lua ted  (keeping  up t o  second-order terms i n  

E ). Thus, t h e  degree of improvement of t h e  B . ' s  over  t h e i r  c o u n t e r p a r t s  i n  

t h e  { a ,  B )  - se t  depends upon how w e l l  E q .  ( 7 .6 )  can b e  approximated. S ince  

t h e  expansions f o r  F igs .  6 ,  8 ,  and 1 0  a r e  about ~0 0 , t h e  b e s t  comparison 

1 

1 

chm,l;l ho ;n i-hn nn;mhhnmhnnA + - A 
' J  

F i r s t  c o n s i d e r  F ig .  6. The t i m e  h i s t o r y  o f  B2 shows a l a r g e  improve- 

ment over c1 i n  t h e  neighborhood o f  t = 0 . Note t h a t  t h e  u n d e s i r a b l e  r a p i d  

o s c i l l a t i o n  of a is n o t  p r e s e n t  i n  B2 - The o s c i l l a t i o n  i n  B2 which be- 

g i n s  a t  approximately 75,000 seconds could  probably  be  overcome by p i e c i n g  t o -  

g e t h e r  expansions about = 0 , .1 , .2 , e tc .  The behavior  of B3 i s  

e s s e n t i a l l y  t h e  same as 

3 

3 

B2 * 

I n  F ig .  1 0  t h e  t i m e  h i s t o r y  o f  B4 is  p resen ted .  I n  a neighborhood of 

t = 0 (approximately t E [ 0 ,  l o 5 ] )  B4 is e s s e n t i a l l y  c o n s t a n t .  Then as t h e  

effects  of t h e  approximation o f  E q .  ( 7 .6 )  begin  t o  appear ,  t h e  amplitude of os- 

c i l l a t i o n  of B4 i n c r e a s e s .  I n  Sec. ( 4 . 2 )  t h e  r e l a t i o n s h i p  between b4 (of 

Sec. ( 4 . 1 ) )  and B4 was d i scussed .  The t ime h i s t o r i e s  of b,+ a r e  given i n  

Fig.  13.  Note t h a t  b4 is a slower-varying , smoother f u n c t i o n  than  B4 . This  

i s  due t o  t h e  f a c t  t h a t  B4 depends upon an i n t e g r a l  approximation whereas b, 
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is known i n  closed-form ( r e c a l l  t h e  d i s c u s s i o n  a t  t h e  end o f  Sec. ( 4 . 2 ) ) .  

If E q .  ( 7 . 6 )  could be  eva lua ted  i n  closed-form, t h e n  B4 should  be even more 

s lowly  - vary  i n  g than  b4 s i n c e  B4 r e p r e s e n t s  a g r e a t e r  p o r t i o n  o f  t h e  t o t a l  

Hamiltonian ( i . e . ,  compare t h e  Hamiltonians o f  Eq. (4 .5 )  and Eq. ( 4 . 2 6 ) ) .  
4., 

F i n a l l y ,  cons ide r  Fig.  8 ,  which c o n t a i n s  a p a r t i a l  time h i s t o r y  of . B5 

I n  t h e  neighborhood t E [ 0 ,  3.5 x IO4] of  t 0 , B5 i s  more slowly-vary- 

i n g  than  8, . Then, however, B5 develops a l a r g e  o s c i l l a t i o n .  In spec t ion  

of t h e  l a s t  of E q s .  (4.44) shows t h a t  

o t h e r  B . ’ s  by t h e  € 0  - expansion. This  is t h e  most probable  reason  f o r  i ts 

l a r g e ,  r a p i d  o s c i l l a t i o n .  

B5 is  a f f e c t e d  more than  any o f  t h e  

1 

7.3 The Non-Hamiltonian Approximate S o l u t i o n  

I n  F igs .  14  through 25 t h e  complete t i m e  h i s t o r i e s  o f  t h e  t r u e  op t ima l ,  

t r u e  c i r c u m f e r e n t i a l ,  and c i r c u m f e r e n t i a l  approximation (of Chapter 5 )  f o r  bo th  

Chapter 5:  

( a )  h ( 0 ) .  and t ( 0 )  are asymptot ic  s o l u t i o n s  wi th  t h e  s i n g l e  parameter 
m 

m 
0 

0 

6 E -  , and t h e y  are t aken  t o  second-order i n  6 ; 

( b )  q ( 0 )  and s ( 0 )  are t aken  t o  second-order i n  6 , a l s o ;  however, 

t h e i r  components are f u n c t i o n s  o f  E @  - expans ions ,  and t h e y  a r e  

t aken  t o  t h i r d - o r d e r  i n  E ; 

( c )  t h e  A . ( 0 )  are  t aken  t o  f i r s t - o r d e r  i n  E , and t h e i r  s o l u t i o n  
1 

r e q u i r e s  t h e  constant-mass assumption. 

I n  F igs .  14  and 15  t h e  t ime h i s t o r i e s  of  h a r e  shown. For both  cases, 

t h e  t r u e  op t ima l  and t r u e  c i r c u m f e r e n t i a l  va lues  o f  h are n e a r l y  equa l .  The 

c i r c u m f e r e n t i a l  approximation i s  e x c e p t i o n a l l y  good for t h e  t r a n s f e r  and for t h e  

f i rs t  two- th i rds  of t h e  escape .  These two cases demonstrate t h e  dependence of 

t h e  approxi-mation on t h e  s m a l l - e c c e n t r i c i t y  assumption. That i s ,  on t h e  t r a n s f e r  
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t h e  e c c e n t r i c i t y  is always small  and t h e  approximation is very  good f o r  t h e  

e n t i r e  t r a j e c t o r y ;  whereas,  t h e  c i r c u m f e r e n t i a l  approximation f o r  t h e  escape  

begins  t o  d e t e r i o r a t e  as t h e  escape  c o n d i t i o n  i s  approached ( i . e ; ,  as u n i t  

e c c e n t r i c i t y  i s  approached).  n+ 

The t i m e  h i s t o r i e s  of q are shown i n  F igs .  16  and 17. The approxi -  

mations t o  t h e  t r u e  c i r c u m f e r e n t i a l  v a l u e  are f a i r l y  good f o r  t h e  i n t e r v a l  

t E [ 0 ,  3 x l o 5 ]  . After  t h i s  i n t e r v a l ,  t h e  ampl i tude  of t h e  o s c i l l a t i o n  

l e v e l s  o f f ,  whereas t h e  t r u e  c i r c u m f e r e n t i a l  ampl i tude  con t inues  t o  grow. 

This  is  probably  due t o  t h e  fact t h a t  t h e  q-approximation i s  dependent upon 

an € 6  = 0 expansion p o i n t .  Thus, i f  expansions about  o t h e r  p o i n t s  are 

p ieced  t o g e t h e r ,  t h e n  an improvement i n  t h e  approximation may r e s u l t .  Also 

n o t e  t h a t  t h e  q-value f o r  t h e  op t ima l  escape  is more n e a r l y  c i r c u m f e r e n t i a l  

t h a n  t h e  op t ima l  t r a n s f e r .  Th i s  concurs wi th  t h e  d i s c u s s i o n  of Fig.  4 a t  t h e  

?-fim:nn;.nrr m F  SO,- ( 7  9 )  - v Y 

I n  F igs .  1 8  and 19  t h e  t ime-range a n g l e  r e l a t i o n s  a r e  g iven .  All 

t h r e e  cu rves  are n e a r l y  e q u a l  f o r  each case. However, as Fig .  1 9  shows, t h e  

escape  case i s  n o t  q u i t e  as good as t h e  t r a n s f e r .  Thus, f o r  t h e  t r a n s f e r ,  

t h e  op t ima l  h i s t o r i e s  f o r  h ( t )  and t ( 0 )  are n e a r l y  c i r c u m f e r e n t i a l ,  and 

t h e  c i r c u m f e r e n t i a l  approximations o f  Chapter 5 are very good. 

The Lagrange m u l t i p l i e r  h i s t o r i e s  for t h e  c i r c u m f e r e n t i a l  cases were 

eva lua ted  by u s i n g  t h e  i n i t i a l  c o n d i t i o n s  of t h e  t r u e  op t ima l  t r a j e c t o r i e s .  

I n  F igs .  20 and 2 1  t h e  t i m e  h i s t o r i e s  o f  A are p resen ted ,  and t h e  t r u e  cir-  

cumfe ren t i a l  and t r u e  op t ima l  cases g i v e  good agreement. 

d i f f e r  i n  a small neighborhood of t h e  t e r m i n a l  p o i n t .  

t i o n s  involved  i n  forming t h e  c i r c u m f e r e n t i a l  approximation, it i s  a r e i a t i v e l y  

good approximation, I t  posses ses  t h e  f u n c t i o n a l  form of  t h e  t r u e  s o l u t i o n ,  and 

1 

They on ly  begin  t o  

Considering t h e  arsump- 
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b; zons ide r ing  more than  one expansion p o i n t  f o r  t h e  ( 1  - expres s ions ,  

f u r t h e r  ga ins  i n  accuracy can be expected.  Also,  as shown i n  Chapter  5 ,  t h e  

h ighe r  o r d e r  terms ( i n  E )  can be obta ined  i n  closed-form, bu t  f h i s  i n t roduces  

* q u i t e  a bookkeeping problem. 

I n  F igs .  22 and 23 t h e  t i m e  h i s t o r i e s  o f  A2 are p resen ted .  The t r u e  

c i r c u m f e r e n t i a l  and t r u e  opt imal  s o l u t i o n s  are no t  as c l o s e  as t h e  correspond- 

l n g  A, s o l u t i o n s .  However, t hey  have s imilar  f u n c t i o n a l  forms and it appears  

t h a t  "ce t r u e  cirr ,umft, ;x"1 .?. s o l u t i o n  would only need a s l i g h t  p e r t u r b i n g  de- 

crease i n  va lue  t o  d u p l i c a t e  t h e  t r u e  opt imal  s o l u t i o n .  The c i r c u m f e r e n t i a l  

approximation is  good f o r  approximately t h e  first l o 5  seconds,  and t h e n  it 

j l e v e l s  o f f .  The s o l u t i o n s  f o r  A3 have t h e  same c h a r a c t e r  as t h e  s o l u t i o n s  

€or A2 . 
The t o t a l  t i m e  h i s t o r i e s  of A 4  are p resen ted  i n  F igs .  24  and 25. 

n i he  t rue  c i rcumfexent ia l  . cnJ i i t inn  c l n s e l v  annrnximateq t h e  triie ontimal solii- 

t im f o r  approximately t h e  first two- th i rds  of  each t r a j e c t o r y .  

even though t h e  two s o l u t i o n s  begin t o  d iverge  on t h e  f i n a l  p o r t i o n  o f  t h e  t ra-  

4 1 5  > . .  
..? . . . 

A2 , A s  wi th  

j e c t o r y ,  t h e y  s t i l l  have similar f u n c t i o n a l  forms. Again t h e  c i r c u m f e r e n t i a l  

approximation i s  good f o r  approximately t h e  first l o 5  seconds,  and then  it 

l e v e l s  o f f  t o  a n e a r  cons t an t  ampli tude.  

C e r t a i n  c h a r a c t e r i s t i c s  are ev iden t  f o r  a l l  of  t h e  A .  s o l u t i o n s .  

F i r s t  , t h e  pe r iods  of  t h e  o s c i l l a t i o n s  f o r  t h e  t h r e e  s o l u t i o n s  ( i . e . ,  t r u e  

op t ima l ,  t r u e  c i r c u m f e r e n t i a l ,  and approximate c i r c u m f e r e n t i a l )  are n e a r l y  t h e  

1 

same. For example, cons ider  F ig .  22.  Each of  t h e  t h r e e  s o l u t i o n s  have t h e i r  

h i l l s  and v a l l e y s  a t  approximately t h e  same time. Thus, on ly  t h e  s e c u l a r  

( long-term) e f f e c t s  need t o  be  b e t t e r  approximated i n  t h e  c i r c u m f e r e n t i a l  

approximation. This  sugges t s  a f u t u r e  s tudy  of t h e  problem which makes use 

of t h e  method of  averaging.  
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Probably a more important  c h a r a c t e r i s t i c  i s  t h e  f ac t  t h a t  t h e  opt imal  

c o n t r o l  i s  a parameter  which does n o t  g r e a t l y  affect  t h e  f u n c t i o n a l  form of 

t h e  c i r c u m f e r e n t i a l  s t a t e  or m u l t i p l i e r  s o l u t i o n s  of t h e  given d i f f e r e n t i a l  

equa t ions .  Thus, one can be more conf ident  t h a t  a p e r t u r b a t i o n  a n a l y s i s  of 
“If 

t h e  c i r c u m f e r e n t i a l  s o l u t i o n  w i l l  l e a d  t o  good approximations of  t h e  t r u e  

opt imal  behavior .  

The a n a l y s i s  of  t h i s  s e c t i o n  shows t h a t  t h e  con jec tu re  brought  

forward i n  Chapter  4 ( i . e . ,  i f  t h e  opt imal  s t a t e  is nea r  t h e  c i r c u m f e r e n t i a l  

s t a t e ,  t h e n  t h e  op t ima l  m u l t i p l i e r s  are n e a r  t h e  c i r c u m f e r e n t i a l  m u l t i p l i e r s )  

is a v a l i d  hypothes is .  Th i s  r e s u l t  i s  clear f o r  t h e  major p o r t i o n  of t h e  

escape mission s i n c e  t h e  c i r c u m f e r e n t i a l  s t a t e  v a r i a b l e s  are c l o s e  t o  t h e  

opt imal  s t a t e  v a r i a b l e .  However, by Fig.  1 6 ,  t h e  op t ima l  q (and t h u s ,  s )  

is no t  c l o s e l y  approximated by t h e  c i r c u m f e r e n t i a l  q fo r  t h e  c i r c u l a r  

O I ’ ~ ) J  I I rwrisrer ~ : T ~ C I  vpr r n p  rwn sprq or :,acm;lnu~3 mil I T ~ ~ I  ip rc :  arp p e i r l :  I vc-‘ I V  

c l o s e .  Th i s  apparent  d i screpancy  is re so lved  by t h e  fact  t h a t  q and s 

are small for t h e  e n t i r e  t r a j e c t o r y  and,  t h u s ,  do n o t  e x e r t  a g r e a t  i n f l u -  

ence on t h e  f u n c t i o n a l  form of t h e  m u l t i p l i e r s .  Hence, h and 0 (o r  t ) ,  

which a re  nea r -c i r cumfe ren t i a l  on t h e  opt imal  t r a n s f e r ,  e s s e n t i a l l y  determine 

t h e  f u n c t i o n a l  form of  t h e  Lagrange m u l t i p l i e r  s o l u t i o n s .  



CHAPTER 8 

CONCLUSIONS AND RECOPIMENDAT I ONS 

8.1 Summary - 
i n  t h e  prev ious  c h a p t e r s ,  t h e  methods of classical  Hamiltonian 

mechanics are a p p l i e d  t o  t h e  opt imal  t r a j e c t o r y  problem. The a d a p t a t i o n  

and a p p l i c a t i o n  of  g e n e r a l  canon ica l  t r ans fo rma t ion  theo ry  t o  t h e  opt imal  

t r a j e c t o r y  problem i s  desc r ibed .  Furthermore,  nons ingu la r  Hamilton-Jacobi 

s o l u t i o n s  of t h e  c o a s t - a r c  and approximate c i r c u m f e r e n t i a l  t h r u s t  problems, 

de f ined  by gene ra l i zed  Hamiltonian f u n c t i o n s ,  are obta ined .  These s o l u t i o n s  

are r ep resen ted  by canonic  c o n s t a n t s  s o  t h e y  d e f i n e  n a t u r a l  base s o l u t i o n s  

f o r  f u r t h e r  canonic  p e r t u r b a t i o n  ana lyses .  The time rates of change of t h e s e  

. . . -  canonic  c o n s t a n t s  are evalua-cea a long  I ’ e p L ’ e b e l l ~ ~  L ~ V I :  ~ p ~ ~ l l l u L  -I-vI. ::.& uu t 

escape and c i r c u l a r  o r b i t  t r a n s f e r  t r a j e c t o r i e s .  These e v a l u a t i o n s  i n d i c a t e  

q u a l i t a t i v e  c h a r a c t e r i s t i c s  of t h e  motion of t h e  op t ima l  low- thrus t  tpajec- 

t o r i e s  of i n t e r e s t .  

8 .2  Conclusions - 
1. The a p p i i c a b i l i t y  of g e n e r a l  canon ica l  t r ans fo rma t ion  theo ry  i n  

opt imal  t r a j e c t o r y  a n a l y s i s  has  been demonstrated.  Also, impor tan t  a p p l i -  

cat ions  of t h e  subgroup of  homogeneous canon ica l  t r ans fo rma t  i o n s  were brought 

forward i n  Chapter  2 .  

2 .  The Hamilton-Jacobi canon ica l  t r ans fo rma t ion  was a p p l i e d  t o  a 

numbcr o f  problems. I n  Sec.  ( 3 . 2 )  a nonseparable  H - J  equa t ion  was so lved  by 

u s i n 2  a combination of t h e  s e p a r a t i o n  of v a r i a b l e s  mcthod and t h e  method o€ 

c ! l a r a c t e r i s t i c s .  I n  Sec.  ( 3 . 3 )  the s o l u t i o n  of Sec.  ( 3 . 2 )  was improved b y  

us ing  a non-Hamilton-Jacobi t r ans fo rma t ion  i n  conjunct ion  with a new I-i-J 
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trarbsformation. Both o f  t h e s e  s o l u t i o n s  determine s e t s  o f  canonic  cor ,s tants  

for.  che coas t - a rc  problem. The s o l u t i o n  o f  Sec.  (3 .3 )  r e p r e s e n t s  a new, 

nons ingular  ( a t  c i r c u l a r  cond i t ions )  s o l u t i o n  of t h e  coast-arc .  problem. 

I n  Chapter 4 two H - J  s o l u t i o n s  of t h e  c i r w m f e r e n t i a l  t h r u s t  problem 

were formed. These s o l u t i o n s  a r e  v a l i d  f o r  low-thrust  c i r c u l a r  o r b i t  t r a n s -  

fers and t h e  major p o r t i o n  of  low- thrus t  escape t r a j e c t o r i e s  wi th  c i r c u l a r  

i n i + i a l  cond i t ions .  These s o l u t i o n s  r e p r e s e n t  a sound foundat ion  f o r  f u t u r e  

a n a l y t i c  i n v e s t i g a t i o n s  concerned wi th  o b t a i n i n g  opt imal  feedback guidance 

func t ions  s i n c e  t h e  s topp ing  p o i n t s  o f  t h e s e  ana lyses  are wel l -def ined  by 

t h e  Hamiltonians of E q s .  (4 .5)  and (4.261..  Any p e r t u r b a t i o n  of  t h e s e  so iu -  

t i o n s  which inc ludes  t h e  B - t e r m  (de f ined  by E q .  (3 .54) )  i n  t h e  new Hamiltonian 

should l e a d  t o  a good approximate feedback guidance func t ion .  

3 .  Non-Hamiltonian s o l u t i o n s  of  t h e  c i r c u m f e r e n t i a l  s ta tes  and mul- 

t i p l i e r s  were formed i n  a s t r a i g h t f o r w a r d  manner i n  Chapter 5. 

“ e r e n t i a l  approximation of t h e  s ta te  i s  e x c e p t i o n a l l y  good as long  as t n e  

The circum- 

t -1 z a c e n t r i c i t y  i s  r e l a t i v e l y  small, and t h e  approximate m u l t i p l i e r s  are v a l i d  

0 I ~6 i n  a r e l a t i v e l y  l a r g e  neighborhood of t h e i r  expansion p o i n t  (:.e., 

< .25) .  Furthermore,  t h e s e  s o l u t i o n s  may be  improved by e i t h e r  c a r r y i n g  

h igher -order  t e r m s  or p i e c i n g  t o g e t h e r  expansions about d i f f e r e n t  p o i n t s  

( e .g . ,  &e 0 , .1 , .2 , ... ). 
Considera t ion  of  t h e  c i r c u m f e r e n t i a l  s o l u t i o n  i n d i c a t e d  t h e  fol low- 

i n g  c h a r a c t e r i s t i c s  of t h e  opt imal  low-thrust  t r a j e c t o r i e s  under cons idera-  

t i o n :  ( i )  t h e  c i r c u l a r  o r b i t  t r a n s f e r  has  a small e c c e n t r i c i t y  va lue  f o r  

t h e  e n t i r e  t r a j e c t o r y ,  and t h e  escape t r a j e c t o r y  has  a small e c c e n t r i c i t y  

va lue  f o r  approximately 80% of t h e  t r a j e c t o r y ;  ( i i )  t h e  c o n t r o l  ang le  on 

t h e  f i r s t  80% o f  t h e  escape l i e s  i n  a smaller neighborhood o f  c i r c u m f e r e n t i a l  

c o n t r o l  than  t h e  corresponding neighborhood for t h e  t o t a l  t r a n s f e r ;  and (iiF 1 
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t h e  op t ima l  c o n t r o l  does n o t  g r e a t l y  affect  t h e  f u n c t i o n a l  form o f  t h e  

s o l u t i o n  when it is  cons idered  as a parameter which p e r t u r b s  t h e  circum- 

f e r e n t i a l  s o l u t i o n s  i n t o  t h e  t r u e  op t ima l  s o l u t i o n s .  

4. The c o n j e c t u r e :  "If t h e  op t ima l  s t a t B  i s  approximately cir-  

c u m f e r e n t i a l ,  t hen  t h e  op t ima l  m u l t i p l i e r s  can be approximated by t h e  

c i r c u m f e r e n t i a l  m u l t i p l i e r s "  w a s  i n t roduced ,  and v a l i d a t e d  numer ica l ly  

for s e v e r a l  cases i n  Chapter 7 .  

5. The fo l lowing  p rope r ty  was observed: i f  an op t ima l  t r a j e c t o r y  

problem i s  i n  t h e  form 

does n o t  n e c e s s a r i l y  imply t h a t  t h e  A . ' s  vary  more s lowly  t h a n  t h e  A.'s. 

However, t h e  X.'s w i l l  u s u a l l y  b e  slower-varying than  t h e  x.'s s i n c e  

t h e  r igh t -hand s i d e s  o f  t h e  

1 1 

1 1 

k .  - equa t ions  r e p r e s e n t  known a c c e l e r a t i o n s .  
1 

6. If t h e  Poincare  v a r i a b l e s  (and t h e i r  a s s o c i a t e d  m u l t i p l i e r s )  

are used i n  a numer ica l  s tudy  of t h e  low- thrus t  problem, then  a v a r i a b l e  

t ime-s tep  numer ica l  i n t e g r a t i o n  scheme should  b e  used for g r e a t e s t  e f f i -  

c iency .  That i s ,  i n  Chapter 7 it was shown t h a t  t h e  pe r iod  o f  t h e  o s c i l -  

l a t o r y  v a r i a b l e s  i n c r e a s e s  so t h e  s t e p  s i z e  should  be  a f u n c t i o n  of t h e  

in s t an taneous  p e r i o d .  
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7. A s imple  method f o r  approximating t h e  neighborhood of  t h e  i n i t i a l  

Lagrange m u l t i p l i e r s  for t h e  numerical  i t e r a t i o n  of low-thrust  two-point 

boundary va lue  problems w a s  p re sen ted  i n  Chapter 6.  Also, it was shown t h a t  

t h e  s e c a n t  method can be  very u s e f u l  i n  t h e  numerical  s o l u t i o n  of t h e  two- 

po in t  boundary problem a s s o c i a t e d  wi th  t h e  opt imal  escape problem. I t  ap- 
* 

pea r s  t h a t  o t h e r  t r a j e c t o r y  problems of  similar c h a r a c t e r  ( i . e . ,  n o n r i g i d  

t e r m i n a l  geometr ica l  c o n s t r a i n t s )  may be i t e r a t e d  most e f f i c i e n t l y  by t h e  

s e c a n t  method, a l s o .  

8 .3  Recommendat i ons  

1. The remaining Hamiltonian of  E q .  (4 .26)  should be a t t a c k e d  by 

s tudy ing  t h e  t i m e  ra tes  of change o f  t h e  {A, B )  - s e t  i n  o r d e r  t o  d e t e r -  

mine new s i m p l i f y i n g  assumptions.  Also, t h e  f i r s t - o r d e r  e c c e n t r i c i t y  terms 

should be s t u d i e d ,  and t h e  cons t an t  mass assumption should be r e l axed .  The 

r e s u l t s  o f  Chapter  5 can be used as a guide i n  ob ta in ing  t h e  v a r i a b l e  mass 

s o l u t i o n s .  

2.  S i m i l a r  s o l u t i o n s  should  be  obta ined  f o r  problems which do n o t  

have small e c c e n t r i c i t y  va lues  or s m a l l  c o n t r o l  a n g l e  va lues .  

3 .  The problem should be re formula ted  i n  u n i v e r s a l  v a r i a b l e s  and 

an a t tempt  should  be made t o  o b t a i n  a uniformly v a l i d  se t  of  canonic  con- 

s t a n t s  for t h e  coas t - a rc  problem. 

4. U s e  should be made o f  t h e  fact  t h a t  t h e  opt imal  m u l t i p l i e r s  

have t h e  same f u n c t i o n a l  form as t h e  c i r c u m f e r e n t i a l  m u l t i p l i e r s .  This  

fac t  may be u s e f u l  i n  e i t h e r  numer ica l  or a n a l y t i c a l  i n v e s t i g a t i o n s  of t h e  

problem. 

5. The approximate m u l t i p l i e r  s o l u t i o n s  of Chapter 5 should be ex- 

tended by cons ide r ing  v a r i a b l e  mass, h igher -order  terms i n  E: , and p i e c i n g  

t o g e t h e r  t h e  s o l u t i o n s  obta ined  by us ing  more than  one expansion p o i n t .  
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APPENDIX A 

I n  t h i s  appendix, both Theorem (2.1)  and Property (2 .1)  of Chapter 

The proofs  a r e  expanded ve r s ions  of t h e  arguments given 2 w i l l  be proved. 

by W i ~ ~ t n e r ~ ~  on pages 23-25 ( f o r  Theorem (2.1)) and page 29 ( f o r  Proper ty  
Q 

Theorem 2 . 1 :  L e t  {x (q ,  p ,  t ) ,  h(q,  p ,  t)} E C2 be a t ransformat ion  which 

satisfies t h e  cond i t ions  of  t h e  i m p l i c i t  func t ion  theorem, and l e t  

t h e  Jacobian mat r ix  of t h e  t ransformat ion .  Then, 

i s  a canonica l  t ransformat ion  if and only i f  

M be 

{ x ( q ,  p ,  t ) ,  X(q, p ,  t ) )  

M i s  a symplec t ic  matrix. 

Proof:  (Suf f i c i ency  +-) Consider t h e  t ime d e r i v a t i v e s  of t h e  set { x ,  XI 

O A  i U A  i n d h  i .  C j 1  f - i, = c [ -  q .  f - a t  j =1 

Let M be t h e  Jacobian ma t r ix  of t h e  t r ans fo rma t ion ,  i . e .  

Then, i n  ma t r ix  form 

1 5 4  



= M  + 
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( A .  1) 

Since  t h e  given t r ans fo rma t ion  satisfies t h e  i m p l i c i t  func t ion  theorem, t h e  

i n v e r s e  t r ans fo rma t ion  e x i s t s ,  i . e . ,  

= N  [:I 
where N i s  t h e  Jacobian  ma t r ix  for the  i n v e r s e  t r ans fo rma t ion ,  i. 

( A . 2 )  

-1 It will be shown now t h a t  N = M . S u b s t i t u t i o n  of Equation ( A . 2 )  i n t o  

Equat ion (A.l) g ives  [I = . . [  + M [ill - 

a t  

ax 

+ [ ~ :  
This  equat ion  must hold f o r  - a l l  Hamiltonian f u n c t i o n s ,  i n  p a r t i c u l a r  t h o s e  

which are i d e n t i c a l l y  zero. Thus, 2 = i = 0 so 

M -1 
' M 

- -  
ax 
a t  

a x  
a t  

- 

- 
- . .  
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and , t hen  

-+ MN = I .  

CR 

-1 Since M e x i s t s  (M is  symplec t ic )  and s i n c e  PIN = I ,  it follows t h a t  

N = M-' . 
Equation ( A . 2 )  can be expressed as 

1 T  
1.I 

By Proper ty  (5 .1 )  of Chapter 2 ,  N = M - l  = - - J M  J . Hence, 

J M ~ J  + 

Upon m u l t i p l i c a t i o n  by J 

1 
1.I 
- 

Since  (H, x, A }  is  a Hamiltonian system 

r; 

- ( 4  

MT [:]. 
MT ( A . 3 )  



1.57 

I n  scalar  form Equation (A.3) becomes 

Define t h e  func t ion  

1 
1-I 

where - and R are c a l l e d  t h e  m u l t i p l i e r  and t h e  remainder func t ion  of  t h e  

canonica l  t r ans fo rma t ion ,  r e s p e c t i v e l y .  Then, 

S u b s t i t u t i o n  of  Equat ions (A.6) i n t o  Equat ions (A.4) gives  

1 
P 

I n  t h e  d e f i n i t i o n  of K , given by Equation ( A . 5 1 ,  t h e  term - H is  w e l l -  

de f ined ,  bu t  R is n o t .  Thus, f o r  K t o  be a Hamiltonian f i inct ion i n  t h e  

(4, p)-space,  it must be shown t h a t  t h e r e  e x i s t s  a func t ion  

which sat isf ies  t h e  equa t ions  

R ( q ,  p ,  t) 



For then  Equat ions ( A . 7 )  become 
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( A . 8 )  

which i s  a Hamiltonian system i n  t h e  {q ,  p)-space.  

Thus,  t o  complete t h e  s u f f i c i e n c y  p roof ,  it must be  shown t h a t  t h e r e  

e x i s t s  a s o l u t i o n  R(q, p ,  t )  t o  Equat ions ( A . 8 )  ( n o t e  t h a t  t h e  s o l u t i o n  need 

not  be unique) .  I n  ma t r ix  form, Equat ions ( A . 8 )  can be w r i t t e n  as 

L J  

or 

I 
6 

J 

J 

I - a. 

Note t h a t  t h e  l e f t -hand  s i d e  o f  t h i s  equat ion  is a g r a d i e n t .  Thus, a so lu -  

t i o n  of  Equat ions ( A . 8 )  e x i s t s  i f  t h e  v e c t o r  
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i s  a g r a d i e n t .  Since ( x ( q ,  p ,  t ) ,  A(q, p ,  t ) )  i s  assumed t o  be of c l a s s  

,. .. - 1 a r e  of c l a s s  aqn - aP1 - a t  a t  a t  C2 , then  t h e  func t ions  { - a t  > ‘ v ‘ Y  

a R  a R  

9 . - ’ q  ag’ 
} must be of class C1 and t h e r e f o r e d h e  fo l lowing  r e l a t i o n s  

C1 . Thus, i f  t h e r e  e x i s t s  a func t ion  R(q, p ,  t ) ,  then  { - 
a R  a R  - 
w i l l  be t r u e  

T o  ease  t h e  n o t a t i o n ,  l e t  t h e  two s e t s  of v a r i a b l e s  be denoted by 

{xl,.. .,x 1 {xl ,... ,x,, A1 )... , A  1 2n n 
(A.10) 

and l e t  

r ep resen t  t h e  given t r ans fo rma t ion  and i t s  i n v e r s e ,  r e s p e c t i v e l y .  Then, i n  

a R  summary: i f  [ a~ ] i s  a g rad ien t  of  c l a s s  C1 , Equations ( A . 9 )  must be 

s a t i s f i e d .  Thus, t h e r e  e x i s t s  a s o l u t i o n  R(Q) of  Equations ( A . 8 )  only i f  

- 1 )  is J[ at ] i s  a g r a d i e n t  of class C1 , which impl ies  t h a t  - (J[ 

a symmetric mat r ix .  It  w i l l  be shown t h a t  t h i s  is indeed t h e  case .  

a @  a 
aQ a t  

By expanding each s i d e  of  t h e  fo l lowing  e q u a l i t y  it is  r e a d i l y  de- 

termined t h a t  
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Another convenient  r e p r e s e n t a t i o n  is given by t h e  fo l lowing  l e m m a .  

a N  N-l where N is t h e  Jacobian o f  t h e  i n v e r s e  a a$  Lemma 1: - [ at ] = - a Q  a t  
t r ans fo rma t  ion .  

4t. 

Proof:  Consider t h e  i n v e r s e  t r ans fo rma t ion  Q = $(X, t )  . Then, 

i . e . ,  after t h e  d i f f e r e n t i a t i o n s  are performed t h e  r e l a t i o n  X = C p ( Q ,  t )  i s  

used t o  form a func t ion  of {Q, t) again .  S ince  $(X, t) E C2 , it fo l lows  

by t h e  cha in  r u l e  t h a t  

(A.12) 

a$J i s  a func t ion  o f  { C y ,  t] . But,  N 5 - ” , s o  upon s u b s t i t u t i o n  s i n c e  - 

i n  Equation (A.3.2) t h e  fo l lowing  expres s ion  is obta ined  

ax a t  

- -  a N  a a$ a t  - & F I N ’  

-1 Then, s i n c e  N e x i s t s ,  

The r e p r e s e n t a t i o n s  of  Equat ion (A.11) and Lemma 1 then  g ive  

- 1 )  J . - *  -1 a N  N . a 
aQ a t  a t  - {J[ a’ 

(A. 13)  

-1 N i s  symmetric, ; .e. ,  Thus, t h e  problem is now t o  show t h a t  J * - * 3N 
a t  
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( A .  14) 

Since  by hypothes is  E4 i s  symplec t i c ,  it fo l lows  t h a t  N is 

-1 symplec t ic  s i n c e  N = M and t h e  symplec t ic  matrices form a group. Thus, 

N T J N  = - J . Since  - J i s  j u s t  a ma t r ix  of c o n s t a n t s ,  it fo l lows  t h a t  

w 

1 1 
1-1 !J 

T a N  - (-E- a N ) T ~ ~  t N J = -  0 .  

T Since  J is  skew-symmetric, J = -J so 

a N  T T T a N  - - ( - )  J N  + N J -  - O *  a t  a t  

-1 T,-1 Upon m u l t i p l i c a t i o n  bv N first on t h e  r i g h t  and then  ( N  , on t h e  

l e f t  l e a d s  t o  t h e  fo l lowing  expres s ion  

= 0 .  
- 1 T ’ a N  T T a N  -1 

( N  (F) J - J - - N  a t  

Therefore  

a N  -1 which v e r i f i e s  t h e  symmetry of  J - N  , and t h u s ,  t h e r e  e x i s t s  a so lu -  a t  
t i o n  R(q, p ,  t >  of Equat ions ( A . 8 ) .  

(Necess i ty  3 )  Since { x ( q ,  p ,  t ) ,  A(q, p ,  t)) i s  assumed t o  be  

canonica l ,  t h e r e  e x i s t s  a K(q, p, t )  such t h a t  ( 4  = - a K  i , = - - } *  a K  I t  
aP ’ aq 

must be shown t h a t  M i.s symplec t ic  ( o r ,  e q u i v a l e n t l y ,  t h a t  N is  symplec t ic  
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-1 
s i n c e  N = M imp l i e s  t h a t  M is  symplec t ic  i f  N i s  symplec t i c ) .  

Making use  of t h e  n o t a t i o n  in t roduced  i n  Equat ions ( A . 1 0 ) ,  Equat ions ( A . 2 )  

can be w r i t t e n  as 

where 

( A . 1 5 )  

But, {H, x, A ]  f ( H ,  X} is  a Hamiltonian system so 

i = J  

! I ~H~ : 

S u b s t i t u t i o n  i n  Equat ion ( A . 1 5 )  g ives  

a H  
= J I  X I  ' 

( A . 1 6 )  

But, H ( X ,  t )  = H [ X ( Q ,  t ) ,  t ]  which impl i e s  (upon a p p l i c a t i o n  of t h e  cha in  

r u l e  ) t h a t  

S u b s t i t u t i o n  i n  Equation ( A . 1 6 )  g ives  
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I t  is  given t h a t  {K, q ,  p )  E {K, Q) is a Hamiltonian system, so 

Q = J -  a K  which impl ies  
. aQ 

(A.17) 

Reca l l ing  t h a t  J-l = -J (Property C.3 of Chapter 21, 

o r  

aQ J -  aQ aQ a t  
a K  - T a H  - - - JNJN -- - 

-1 T 
where use  has  been made o f  t h e  ma t r ix  i d e n t i t y  ( M T )  = (M-l) . Then, 

(A. 18)  

llle L e L L - I l d l l u  s l u e  v1 LqudLIvll \ f i . i O )  IS d g L ' d u I e l l L ,  I L  W A L L  l l U W  ut: b l l U W l l  

t h a t  t h e  r ight-hand s i d e  o f  Equation (A.18) is a g rad ien t  (for every 

Hamiltonian H )  only i f  N is  a symplec t ic  mat r ix .  

S ince  Equation (A.18) must ho ld  for every H-function, i n  p a r t i c u l a r  

it must ho ld  f o r  H f 0 . Then, 

which impl ies  t h a t  -J - aQ i s  a g rad ien t  wi th  r e s p e c t  t o  Q . I t  then  f o l -  

lows t h a t  J N J N  ( - ) must be a g r a d i e n t .  On observing t h i s  fact ,  t h e  

fo l lowing  Lemma can be s t a t e d .  

a t  
T 3 H  

a Q  
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Lemma 2 :  If J N J N  - i s  a g r a d i e n t  for every choice  of €I , t hen  J N J N T  = aQ 
1.11 , where 1-1 = cons tan t  ( f  0 )  . 

T a H  Proof: L e t  A f J N J N  . Then A - i s  a g r a d i e n t .  F i r s t ,  cons ide r  t h e  ao -- 
2n classes of Hamiltonian func t ions  which are polynomials i n  only one 

(Q,, . . . ,Q2,) . Then , t h e  fo l lowing  v e c t o r s  a r e  g r a d i e n t s  : 

where 

A r  

Y ,.. . , 

a 

a 
2,1 

2 n , l  a 

"2 ¶2  

a 2n ,2 

. .. 

... 

a 2,2n 

a 2n ,2n 

g2n( Q 2n a 2n ,2n 

and 

Qi E 

( A .  1 9 )  

Since each of t h e  v e c t o r s  of Equat ions ( A . 1 9 )  i s  a g r a d i e n t ,  t h e r e  e x i s t  2n 

func t ions  B1(Q),...,i3 ((I) such t h a t :  2n 



165 

Given 

a l,i gi(Qi) 

w t i c u l a r  i E {1,2 , .  .. ,2n) Equation (A.20) 

( i  = 1 , * . . , 2 n )  (A.20) 

3n b v i  wed as an 

i n t e g r a b l e  system of f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  equat ions  wi th  depen- 

dent  v a r i a b l e  B . Thus, t h e  i n t e g r a b i l i t y  cond i t ions  must be s a t i s f i e d  

- ) . This  is equ iva len t  t o  t h e  requirement  t h a t  ( i . e . ,  - - 

i 
a2Bi . a2ni 

aQjaQk  aQkaQj  

( i  = 1 , - . . , 2 n )  a 
aQ 
- 

be a symmetric mat r ix .  Thus, 

J I 

for each i ,  j , k = 1 ,2 , .  . . ,2n . Consider  t h e  case i = k # j : 

depends on only Qk and s ince  i = k , j f k gk But ,  

(A.21) 
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Suppose H(Qk) i s  a f i r s t - d e g r e e  polynomial i n  Qk . Then, 

Since Equat ion (A.21) must hold fo r  a l l  choices  of  H , it fo l lows  t h a t  

Since g # 0 i n  g e n e r a l ,  t hen  k 

S u b s t i t u t i o n  of Equat ion (A.22) i n t o  Equation (A.21) then  shows t h a t  

(j # k )  

(A.22) *.. 

(A.23) 

a gk 

aQk 
s i n c e  - # 0 , i n  gene ra l .  

From Equat ion (A.23) it fo l lows  t h a t  A must be a d i agona l  matrix, 

and then  Equat ion (A.22) becomes 

= cons tan t .  
k Yk 

= a  ( Q )  or a k ,k  k,k k which impl i e s  e i t h e r  a 

F i n a l l y ,  cons ide r  t h e  class o f  Hamiltonian func t ions  

Then t h e  following v e c t o r s  are  g r a d i e n t s :  

H = QiQitl 

( i  = 1, ..., 2n-1). 
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¶ 

(A.24) 

Again Equat ions (A.21) must be s a t i s f i e d ,  s o  o p e r a t i n g  on Equat ions (A.24) 

a[al,l (Q 1 )Q 2 1 - a[a2,2 ( Q  2 )Q 1 I - 
aQ2 aQl 

These c o n d i t i o n s  imply t h a t  

a 1,l (Q 1 1 = a2,,(Q2) 

a 2,2 ( Q  2 1 = a3,3(Q,> 
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. But t h e  s e t  {Q,, Q2 5.. ",  2n ,2n(Q2n) Thus, a (Q ) = a2,2(Q2) = ... = a 

Q2n' 

zero  c o n s t a n t ,  i .e .  , 

1,1 1 

is  independent ,  so each of t h e  d i agona l  elements must be t h e  same non- 

- a = a  - ... = a = ptl: = cons tan t  . - 
1,1 2 Y2 2n ,2n 

Thus, from t h e  above lemma 

or 

Therefore ,  N is  symplec t ic  and t h e  theorem is  proved. 

Proper ty  2.1: L e t  M =k be a 2n x 2n ma t r ix ,  where A B , C , 
. . -  

ann t i  are n Y n .siirmaiFic:es. J I I W J -  :*I I S  d S V I I I U I ~ = C L J - C  IIICLLL*.LA IL aiiu 

only  if A C and B D are symmetric and D A - B C = uI . T T T T 

T T 
Proof:  (+I To show t h a t  A C and B D are symmetric, it must be proved 

T T t h a t  A C = (ATC)T and B D = (BTD)T a It  

hypo thes i s ,  and it i s  e a s i l y  v e r i f i e d  t h a t  

Thus, 

M ~ J M  

LBT 

- 
CT 

DT 
a 

0 

-I - 

T is  known t h a t  M JM = pJ by 

DT -1 . 
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M ~ J M  

T -C A 

T -D A 

+ 

+ 

ATC 

BTC 

T 
-C B 

T -D B 

But,  M is  symplec t ic ,  so 

T T - C A + A C  = 0 

T T - D B t B D  0 

T T -D A + B c = - p r  

as des i r ed .  

(+I Conversely,  l e t  A C = C A , B D = D B , and D A - B C = pl be T T T T T T 

given. From Equation (A.25) 

(A.25) 

M ~ J M  
0 = [  - V I  

T T - C B + A D  

0 

(A.26) 

T T To show M i s  symplec t ic ,  t h e n ,  it needs t o  be shown t h a t  -C B + A D = VI . 
Consider t h e  t r anspose  of t h e  hypothes is  T T D A - 3 C = VI : 

T ( D  A - B’CIT = ( ~ 1 ) ~  
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T T A D - C B  = HI 

rQ 
as d e s i r e d ,  and Proper ty  (2 .1)  i s  v e r i f i e d .  



APPENDIX B 

I n  d e a l i n g  w i t h  the base s o l u t i o n s  of Chapters  3 and 4 ,  t h e  fo l lowing  
“r 

Taylor series expansions are  u s e f u l  for low-eccent r ic i ty  miss ions .  

(B.2) 
n 

( x  E (9 ,  SI) 1 
I - x  - = 1 + x + x2 + ... + x +... 

1 n n - = 1 - ( q  cos 8 + s s i n  6 )  + - ... + (-1) ( q  cos e + s s i n  e )  t ... 
Y 

(B.3) 

where 

= 

+ 

1 - 2 ( q  cos e + s s i n  e >  t - ,.. 
( - i l n  (n  + 1) ( q  cos e t s s i n  e l n  + ... , 

’Gz 

y E 1 t q c o s  e t s s i n 6  

( B . 4 )  
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APPENDIX C 

The i n i t i a l .  c o n d i t i o n s ,  terminal. c o n d i t i o n s ,  and parameter  values 

used i n  t h e  numerical  s t u d i e s  of  Chapter 7 are presented  below. 
+%- 

Escape Mission: 

k = 3.9860640 x 1014 meters3/seconds2 

I s p  = 5000 seconds 

r = 6.6781700 x l o 6  meters 
0 

= o  
0 

0 

G = o  
0 

r 6 = 7.7257984 x l o 4  meters/second 

W = 10,000 pounds 

0 0  

0 

C i r c u l a r  Orb i t  Transfer :  - 

k = 3,9860640 x 10" metersJ /seccndsL 

I sp  = 5000 seconds 

r = 6.7002574 x l o 6  meters 

= o  0 

G = o  

r 6 = 7.7130543 x l o 4  meters/second 

0 

0 

0 

0 0  

= 10,000 pounds 

= 4.2266831 x l o 7  meters 

= o  

wO 

f 

f 

f f  

r 

I? 

r 6 = 3.0709467 x l o 4  meters/second . 
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